MARKOV SELECTIONS FOR THE 3D STOCHASTIC 
NAVIER-STOKES EQUATIONS 



FRANCO FLANDOLI AND MARCO ROMITO 



Abstract. We investigate the Markov property and the continuity with 
respect to the initial conditions (strong Feller property) for the solutions 
to the Navier-Stokes equations forced by an additive noise. 

First, we prove, by means of an abstract selection principle, that there 
are Markov solutions to the Navier-Stokes equations. Due to the lack of 
continuity of solutions in the space of finite energy, the Markov property 
holds almost everywhere in time. Then, depending on the regularity 
of the noise, we prove that any Markov solution has the strong Feller 
property for regular initial conditions. 

We give also a few consequences of these facts, together with a new 
sufficient condition for well-posedness. 
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1. Introduction 

General overview. The well posedness of 3D Navier-Stokes equations (or, 
briefly, NSE) is still an open problem, both in the well known determinis- 
tic case, see Fefferman ifTTI . Temam ||29l for reviews, and in the case of 
stochastic perturbations. Weak solutions (suitably defined in the stochastic 
case) exist globally in time but their uniqueness is not known. Suitably reg- 
ular solutions are unique but they are proved to exist only locally in time, 
for regular data. The very strong theorems of uniqueness for stochastic or- 
dinary equations yield hope that white noise perturbations may help, but the 
question is still open. 

The first difference between the deterministic and stochastic case appears 
on the question of continuous dependence on initial conditions, the third 
property after existence and uniqueness in Hadamard definition of well 
posedness. When uniqueness is open, there is no question of continuous 
dependence in a strict sense, but one may ask whether there exists a con- 
tinuous selection. The existence of a continuous selection is not known for 
the 3D deterministic NSE. One of the main results which are true for 3D 
stochastic NSE is the existence of a continuous selection when the noise is 
sufficiently non degenerate. This result was first proved by Da Prato & De- 
bussche [6]. The main aim of the present paper is to give a new insight into 
this problem. We give an entirely different proof which works in greater 
generality (see Theorem 15.1 II) . in particular we prove that every Markov 
selection depends continuously on initial conditions, for suitable noise. 

Indeed, a fourth structural property, beside existence, uniqueness and 
continuous dependence, of stochastic differential equations is the Markov 
property. When uniqueness is open, Markov property has no direct mean- 
ing but a natural question is the existence of a Markov selection. Another 
main result of this paper is the existence of a Markov selection (Theorem 
14.11) for a very large class of 3D stochastic NSE, which in fact includes also 
the deterministic case. 
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As remarked above, the two previous questions, namely existence of 
Markov selection and continuous selection, are not unrelated. The strat- 
egy of our approach is first to prove the existence of a Markov selection 
in great generality on the additive noise (even zero noise is acceptable, see 
Assumption [ST]), then to prove under strong restrictions on the noise (see 
Assumptions lS.lOl) that every Markov selection has a property of continuous 
dependence on initial conditions, a property of strong Feller type. 

An obvious question is whether the previous results have consequences 
on the uniqueness of weak solutions. There are many facets of this question, 
but unfortunately we have not found any true result. In principle, existence 
of at least one continuous Markov selection may be a basic step, since there 
are examples of differential equations in the literature where uniqueness of 
solutions is proved by means of one regular flow, both in the deterministic 
and stochastic case. But suitable estimates, not available at present, on the 
derivative of the flow in the initial conditions seem to be necessary. 

The strong Feller property for every Markov selection does not imply 
uniqueness, see Stroock & Yor ll25l . If one replaces the sentence "Markov 
selection" by "measurable selection" the answer would be positive (see 
Flandoli US) but the Markov property is a very demanding one. Indeed, 
under irreducibility, a single solution contains information (by disintegra- 
tion) on most of the others and under strong Feller on all the others. This 
rigidity is one of the obstacles in any attempt to deduce uniqueness. 

We have only one positive example of consequence in the direction of 
uniqueness, namely a conditional theorem (see Section [64l) . It holds true 
for the models where we have the strong Feller Markov selections, which 
are also irreducible. Roughly it states that if the problem is well posed for 
one initial condition then it is well posed for all initial conditions. This is 
a dichotomy with respect to the deterministic case, where well posedness 
is known for sufficiently small and regular initial conditions, a result that 
cannot be extended to to the stochastic case with additive non degenerate 
noise due to the absence of small invariant sets. 

Throughout the paper, we shall consider the Navier-Stokes equations on 
the torus [0,1]^, 

m + + =vAM-|-fi, 

divM = 0, 

with periodic boundary conditions, driven by a random force (details on the 
equations will follow later, see in particular the main assumptions 13.11 and 
15.101 of the paper). Other boundary conditions could be analysed, but we 
focus on this setting because it is the simplest in this framework. 

Some details on the main results. There are interesting details (and re- 
strictions) about the existence of a Markov selection for this problem. To 
prove the existence of such a selection, we need to use a definition of weak 
solution which incorporates certain energy inequalities (this is not at all 
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surprising in the theory of 3D NSE, since one cannot prove directly that 
weak solutions satisfy energy inequalities). These energy inequalities are 
necessary to our approach to prove certain compactness results at due time. 
However, they introduce a technical difficulty. All conditions included in 
the definition of solution must be stable under the operations required by 
the Markov property, namely disintegration and reconstruction. Thus we 
express all the needed energy inequalities in the form of super-martingale 
properties. This is a novelty on 3D stochastic NSE, to our knowledge. In a 
sentence, we translate the usual well known energy inequality of the deter- 
ministic case in a super-martingale property for the stochastic case. There 
is a non-trivial gain of information in the super-martingale formulation of 
energy inequality, for instance it implies stopped energy inequalities (see 
the proof of Theorem 15.121) . 

Another important detail is that the properties included in the definition 
should be invariant under time translation, since disintegration and recon- 
struction need to be applied at any time 5 > 0. Unfortunately, even in the 
deterministic case the energy inequality is known to hold only almost surely 
in time. More precisely, if one writes the energy inequality between two 
generic times t > s > 0, t can be arbitrary but only a. e. s is allowed. This 
difficulty cannot be overcome at the present state of understanding of the 
NSE, see, for instance Constantin, E & Titi [5] and Duchon & Robert [[TOl 
on this and related technical problems. 

As a consequence, we can prove only an almost sure Markov property. 
We have the impression that this is not a drawback of our approach but 
an intrinsic difficulty. However, under a strong assumption on the noise 
15.101 that give us the strong Feller property, we can prove that the Markov 
property holds true for every time. 

Concerning the strong Feller property, there are several details here too 
that could be highlighted. First, the topology on the initial conditions re- 
quired for the continuous dependence is not the one of the energy space 
(called H below) but is a more regular topology related to the assumptions 
I5.10l on the covariance of the noise. However, we conjecture that, with suit- 
able improvements of some of the arguments given here, one can prove the 
continuous dependence in a suitable space of regularity depending only on 
the Stokes operator, independently of the assumptions on the covariance 
(but non degeneracy). This will be the object of future research. 



Comparison with the literature. Existence of weak solutions of the mar- 
tingale problem for quite general 3D stochastic NSE is classical, see for 
instance Flandoli [[T4| and the references therein. Here we introduce a new 
definition with special energy inequalities (Definition [33]), so we give a few 
details of proofs in the appendices. 

The existence of Markov selections for certain classes of stochastic ordi- 
nary equations is due to Krylov [|2T|| . We have generalised the abstract part 
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of this result to Hilbert spaces, following closely the presentation of Stroock 
& Varadhan [|26l. 

As regards the central results of this paper, the inspiration comes un- 
doubtedly from the basic work of Da Prato & Debussche They have 
proved, among other facts, the existence of a strong Feller selection build 
on the Galerkin scheme (thus rather constructive) and several properties of 
the associated Markov semi-group. In a recent paper, Debussche & Odasso 
||9l have proved also that the selection is Markov itself. 

Our approach is different. Our Markov selection procedure is less con- 
structive since it is based on quite abstract notions of solutions and then on 
the minimisation of quite generic functionals. But it works in great gen- 
erality on the noise, up to the zero noise case (see Assumption [SH]), while 
the results based or related to strong Feller property require a suitable non 
degenerate noise (see Assumption 15. 101) . At the end, under such stronger 
assumptions, we recover a result of type [6J, in the general sense that every 
Markov selection with suitable noise is strong Feller. 

Other differences with respect to [|6|| (and [HI) are concerned with the 
assumptions on the noise - we explicitly deal with a larger class of covari- 
ances, but restricted to space periodic case (the technical effort is non trivial 
and we had to develop estimates on the nonlinear operator B that seem to be 
new, see Appendix iD]). The idea that one can shift the problem at any level 
of the Hilbert scale associated to the Stokes operator A is known and also 
discussed in private conversations with A. Debussche (see also a related 
work on ergodicity by Ferrario [12]). Another, more substantial, difference 
is the proof of the strong Feller property. The proof given here is very short 
and direct, immediately based on the Markov property, and it shows more 
transparently why the strong Feller property holds. The proof in [6 J is based 
on a completely different argument, longer but at present stronger from the 
viewpoint of quantitative estimates on derivatives of the Kolmogorov semi- 
group. In Flandoli [fT3l one can see a variation on the proof of [6] but 
applied to the Markov selections constructed here. 

Some further consequences of the theory developed here, in particular the 
equivalence of transition probabilities of all Markov selections can be found 
in Flandoli & Romito [20J. Other equations with lack of well-posedness 
may be approached by a variant of the method developed here, see Blomker, 
Flandoli & Romito [T| for a model of surface growth. Finally, a preliminary 
version of the results presented here have been given in Flandoli & Romito 

m. 



Layout of the paper. The paper is organised in two main parts. In the 
first part (from Section [2] to Section (6]) we explain the main results and 
we give their proofs. In the second part, constituted by the appendixes, 
we give proofs of some complementary facts that have been used in the 
first part. The reason behind this unusual layout is that the many technical 
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proofs contained in the appendixes could obfuscate the main ideas we wish 
to explain. 

The precise content of the paper is the following. In Section [21 we prove 
the abstract selection principle for Markov processes. Section [3] introduces 
the solutions to the martingale problem for the NSE. In Section |4] we apply 
the abstract selection principle to the solutions of the martingale problem. 
Some of the proofs that are needed in this section are postponed to Ap- 
pendixes |A] and El Finally, in Sections [5] and [6l we prove that any Markov 
selection is regular, in the sense explained above, and some consequences 
of this result. 

Appendix |A] contains an existence result for those solutions defined in 
Section [3l A slight modification of this existence proof is used also in Sec- 
tion m Appendix |B] contains some technical results on the special super- 
martingales defined in this paper. In Appendix O we prove some useful 
facts on an auxiliary equation that we need to handle noise roughness and 
an equation with truncated non-linearity. Both equations are obtained as 
modification of the original NSE. Finally, Appendix |D] contains two dif- 
ferent estimates of the Navier-Stokes non-linear term. We point out that, 
according to our knowledge, the inequality of Lemma ID^ is new for some 
values of the parameter. 

Acknowledgements. The authors wish to thank the referee of the paper for 
the several suggestion that dramatically helped in improving the paper and 
for pointing out an error in an earlier version. The authors wish to thank 
also B. Goldys for letting them know the interesting reference [,25,1 . 

2. Pre-Markov families of probability measures 

In this section we formalise the properties that a set-valued map must 
have, in order to ensure the existence of a Markov selection. The content of 
the following sections is an extension of the theory presented in Chapter 12 
of Stroock & Varadhan ll26l . with some changes, in order to take into ac- 
count the infinite dimensional setting of stochastic partial differential equa- 
tions. In particular, trajectories can have different regularity properties in 
different spaces. The main novelty is that we need to introduce the concept 
of almost sure markovianity, in order to handle the problem that the energy 
inequality does not hold for all times, which ultimately is related to the lack 
of continuity of the trajectories in more regular spaces. 

Most of the proofs of this section follow closely those of Stroock & 
Varadhan [[26||, with obvious differences whenever the extensions stated 
above apply. 

2.1. Preliminaries. We start by giving a few definitions and notations. Let 

'U C ^ C 'U' 
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be a Gelfand triple of separable Hilbert spaces with continuous injections. 
Set 

a = c([o,oo);'^^'), 

denote by SS the Borel o-field of ^ and by Pr(^2) the set of all probability 
measures on (^2,^). Define the canonical process ^ : ^2 — » T^' as 

^,(a)) = (o(0. 

2.1.1. Preliminaries on the state space. Define, for each ? > 0, the a-field 
SSt — (5\i^s'- ^<s<t\. Notice that one can identify this o-field with the 
Borel a-field of Q.t = C([0,?]; '^''), since the set can be seen as a Borel 
subset of Q.. Similarly, one can define Q' = C{[t,°<>);'U') and = o[^5 : 
s >t]. Finally, define for each given t > 0, the map 4>f : Q ^ fl'^ as 

^t{0)){s) = (i){s -t) s>t. 

The next lemma shows that some sets, that we shall use in the sequel, are 
indeed Borel sets. Such results are well-known in a general framework and 
are stated here for the sake of completeness. 

Lemma 2.1. The set L^^ {[0,oo);^)r\Q.is a Borel set in Q. Moreover, 

where denotes the space !>{ endowed with the weak topology. Finally, 
the set {[O,°o);iy) (IQ. is Borel in Q. as well. 

Proof. We start by proving the equality. First, we easily have, by standard 
arguments, that C( [0, oo) ; n f2 is in L^^ ( [0, oo) ; ) n The other inclu- 
sion follows from Lemma 1.4, §3 of Temam [27]. 

In order to prove measurability, notice that the map (o) t-^ ||k>(0 ||^ G 
[0, oo] (where the map takes the value +oo whenever (i>{t) ^ with t E 
[0,oo) and (0 G is lower semi-continuous, hence it is measurable. Let 
D C [0, -|-oo) be a countable dense set. Observe that, by semi-continuity, for 
each r > supj^^^ j^ = ^^PteDn[o,T] and so 

CO oo 

C([o,-);^)na= n U fl {ioeQ\Mt)\\^ <r} 

T^iR^iteDn[oj] 

is measurable. Similarly, (?,(o) \\(D{t)\\^ is also lower semi-continuous, 
so for each T > the map (O — > Jq ||(o(?) ||^ J? is lower semi-continuous as 
well. Hence, 

oo oo -p 

^L([o,-);'^)nf2= fi U{«e^l / Mt)\\vdt<R} 

T=lR=l 

is measurable. □ 

A straightforward consequence of the above result is given in the follow- 
ing lemma. 
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Lemma 2.2. Let P G Pr(fl) be such that 

p[c([o,oo);:^„)na] = i. 

Then, for any given t >0, the mapping (O i-^ &{t) has a P -modification on 
SSt which is SSt-measurahle with values in [9{ , where SSi^^ ) is the 
Borel (5-fieldof9{. 

2.1.2. Preliminaries on disintegration and reconstruction of probabilities. 
Prior to the analysis of the Markov property in its different flavours, we 
need some additional definitions and notations. 

Given P e Fr{Q.) and ? > 0, we wiU denote by (O P\%^ : a Pr{a') a 
regular conditional probability distribution of P on Since Q.is a Polish 
space and every o-field is finitely generated, such a function exists and 
is unique, up to P-nuU sets. In particular, 

P\%^gr = iO{t)]^l 

for all CO G and, ifAe^t and B G ^^ 

/'(An 5) = / P\%{B)P{d(D). 

J A ' 

As conditional probabilities correspond to disintegration with respect to a 
a-field, we define below the reconstruction, which is, in a way, a sort of 
inverse procedure to disintegration. 

Definition 2.3. Consider a probability P G Pr(^2), a time t > and a 
measurable map 2 : f2 ^ Pr(f2^) such that 

Qai^t = a>(0] = 1 5 for all (0 G ^2. 
Then denote hy P0tQ the unique probability measure on Q. such that 
1. P®tQ and P agree on 

2- (2co)coen is a regular conditional probability distribution of P0t Q 
on 

Details on the measure whose existence is claimed above can be found in 
Lemma 6.1.1 and Theorem 6. 1.2 of Stroock & Varadhan [i26l . 

2.2. The Markov property. Given a family {Px)x<e^ of probability mea- 
sures, the Markov property can be stated as 

Px\%^= ^tP(^(t) , for Px - a.e. (0 G 

for each J-C and for all ? > 0. In view of application of the results of this 
section to the Navier-Stokes equation, this definition is too strong. We give 
a slightly weaker definition, where conditions on time are relaxed and a few 
exceptional time instants are allowed. 

Definition 2.4 (almost sure Markov property). Let x ^ Px be a measurable 
map defined on 9{ with values in Pr(t2) such that P^ [C( [0, oo) ; r\Q] = \ 
for allxe^ . 
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The family {Px)xe^ has the almost sure Markov property if for each x G 
9{ there is a set T C (0,oo) with null Lebesgue measure, such that 

Px\%, = ^tPw{t) for P., - a.e. co e Q, 

for all t ^ T. 

Following Stroock & Varadhan [|26l . we introduce an analogous def- 
inition for set- valued maps of probability measures. Such multi-valued 
maps shall satisfy the a. s. Markov property in a suitable way. Denote by 
Comp(Pr(f2)) the family of all compact subsets of Pr(f2). 

Definition 2.5 (almost sure pre-Markov family). Let a measurable map ^ : 
Comp(Pr(a)) be given such that P[C {[0,oo);^^) nQ.] = \ for all x G 
^ andPG ^(jc). 
The family (^(;c)) 

xGj/ almost surely pre-Markov if for each x G ^ and 
P G ^{x) there is a set T C (0,oo) with null Lebesgue measure, such that 
for all f ^ r the following properties hold: 

1. (disintegration) there exists N E with P{N) = such that for all 

(0(0 G and G 4),^(a)(0); 

2. (reconstruction) for each ^/-measurable map (O i-^ : Q. Fr{D!) 
such that there isN e with P{N) =0 and for all (O ^ A^, 

a)(r) G :?/ and Qco G $/^(a)(0); 
then/'®f2G^(x). 

Remark 2.6. We aim to make clear the meaning of measurability for a 
Comp(Pr(f2)) -valued map. The set Pr(fl), with the weak convergence of 
measures, is a Polish space, hence the set Comp(Pr(fl)), endowed with the 
Hausdorff metric, is a metric space. In this context, measurability of the 
above map refers to Borel measurability with respect to the Hausdorff met- 
ric. 

Remark 2.7. If every ^(jc) is a singleton, the a. s. pre-Markov family is 
indeed an a. s. Markov family of probability measures, as stated in Defi- 
nition 12. 4[ Notice that, in the framework of NSE we shall examine in the 
next sections, each ^(x) represents the set of all solutions starting at x and 
well-posedness of the martingale problem follows if at least for one x, the 
set ^(x) contains a single point (see Corollary 16. 101) . 

In the general setting one can refer to Theorem 12. 2. A of Stroock & 
Varadhan [26]. Moreover Stroock & Yor [25] provide several examples 
of non-uniqueness and comments on Markov selections. 

2.3. Existence of Markov selections. In this section we give the main ab- 
stract result concerning the existence of Markov selections. 

Theorem 2.8. Let {'^{x))^^^ be an a. s. pre-Markov family with non-empty 
convex values. Then there is a measurable map x^^ P^on ^ with values in 
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Pr(f2) such that G 'io{x) for all x E 0{ and {Px)xe:H ^- ^- Markov 

property ( as defined in Definition \2.4\) . 

Remark 2.9. In view of a possible extension of the previous theorem to 
Feller selections (that is, Markov selections with some kind of continuous 
dependence with respect to the initial condition), we remark that so far, we 
cannot expect any more regularity with respect to the initial condition from 
a Markov selection, provided by the abstract principle, than measurability. 
In general, continuity with respect to initial condition cannot be gained in 
this abstract setting, as one can see from the following classical example, 

X = sgn(jc) arctan ^/\x\. 

Indeed, any selection from solutions to the above equation is not continuous 
at ? = 0. Hence, continuity needs a further analysis and we will see that the 
noise plays a major role. 

Prior to the proof of the theorem above (which is postponed to page [T2)) . 
we need to give some definitions and state some useful results. 

In order to identify a unique representative in each class ^{x), we define 
below a method to reduce such classes, by means of maximisations. To this 
aim, define for each / G Q ( 1^ ' , R) and each X > 0, the map J^j : Pr (t2) — > R 
as 

poo 

Jx,f{P) = ^'[l e-^'f{^,)dt], PePr{a), 
and for each x , 

1Lxf{x)= sup Jx.f{P) 

and 

^xjix) = {Pe ^{x) I JxjiP) = %+/(x) } . 

Lemma 2.10. Let {'^{x))^^^^ be an a. s. pre-Markov family with non-empty 
convex values and let X > and f G C^('P'',R). Then ^^f{x) is well- 
defined and (^x,,/(-^))xejr '■^ again an a. s. pre-Markov family with non- 
empty convex values. 

Proof. Since each map J^.f is continuous and 'io{x) is compact, f{x) is 
well-defined and ^xji^) is non-empty. 

We prove that {^%j{x))x^j{ is an a. s. pre-Markov family. First, each 
set ^xj{x) is compact and x ^ "^x^fix) is measurable, by virtue of Lemma 
12.1.7 of Stroock & Varadhan Il26ll . Moreover, convexity follows since J^j 
is linear in P and 

p[c( [o,oo) ;/«-„) n a] = 1, 

for each P G '^xji^)^ since C 'io{x). 

Prior to the proof of the properties of disintegration and reconstruction, 
we notice that, if P G Pr{Q.), 

e-^J{^,)ds = e-^'Jxj{P). 
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Fix X E 9{ and P G ^{x), let T C (0,°°) be the null measure set corre- 
sponding to P whose existence follows from the a. s. pre-Markovianity of 
(C(x))^g^, and fix ? ^ r. We prove first the disintegration property. Con- 
sider a regular conditional probability distribution P\'og^ of P on and set 

N = {(S)\&{t) ^ 9{ ov P\%^ ^4>f^(a)(0)}, 
N'={&^N\P\%^^^X,M^))]- 

By the disintegration property for {^{x))^^^, we have that N E and 
P{N) = 0. Moreover, by Lemma 12.1.9 of Stroock & Varadhan [|26l, A^' e 
The property is true if P{N') = 0. To this end, let x^R^e "^xjix) be 
a measurable map (the existence of this map is ensured by a standard mea- 
surable selection theorem, see e. g. Lemma 12. 1. 10 of Stroock & Varadhan 
ll26l ) and notice that (O ^tR(i>{t) is again measurable. Define 

(P\%^ Oi^NUN', 
2(0 = < ^/i?(o(o CO e A^', 

where 5o is the Dirac measure on the trajectory which is identically zero 
and it is used as the fallback measure. By the reconstruction property for 
the family ('^(jc))^^^, it follows that /'(gjf Q G ^(x) and so, 

A,/(^)>4./(^®fe) 

ft fOC 

= e-^7(^,) ds + E^[E2'» e-^7(^,) ds] 

-E^[5C^,E^IS,[|°°e-^7fe)^^]] 
= J^jiP) + e-^^E^[5C^, ( - Jx,f{^i'P\%,))] 

since G ^x,,/(<»(0) andP|^^ G 4>,^(a)(?)) for co G A^', using also (1211) . 
Hence, E'f'[%^,(^+/(a)(/')) -7x,/(*r^^l|,)))] < 0- On the other hand, for 
each (0 G A^', ^'r^i'll, ^ "^xjiioit)) , so that 7;,,^(4>ri/'|^^) < 
and in conclusion P(A^') = 0. 

We prove the reconstruction property. Let (O i-^ Qq, be a -measurable 
from a to Pr(t20. Let A^ G be such that P{N) = and for all (O ^ 
N, a)(f) G and Qa, G 4>;'^x,/(fo(0)- By the reconstruction property for 
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(^(a:))^^^, it follows that Q e '^{x). Moreover, by using (O) . 

Jo 

= E^ e-^7(^.) ds + E^[E^I^- H e-^7(t) 

= A,/(^), 

since G $,'^((d(?)). In conclusion P (g)^ Q e ^x,/W- ^ 

It is now possible to prove the main theorem of this section. 

Proof of Theorem IZ^ Let {(5n)n&i be a dense set in [0,°°) and ((|)„)neN 
be a dense set in Cfe(l^',R), and consider an enumeration (X„,/„)„>i of 
(cJm,(l)n)n,meN- For cach X G define inductively 

f^n •)Jn 

where (x) is obtained from "^("^fx), as in Lemma [2.10[ to be the set 
of measures where the maximum value of ^x,,,,/;, achieved. Finally set 
^H{x) = n'^^W- By Lemma [OOl each family (^("^ is a. s. 

pre-Markov, and it is easy to check that ^^^^ is a. s. pre-Markov 

as well. The proof is complete if we show that each set has exactly one 
element. 

Let P,Qe then h^j^P) = An,f„iQ) for all n G N, that is, for 

all m, n G N, 

poo poo 

/ e-'^"'E''[U^,)]dt= e-'^"'EQ[U^,)]dt, 
Jo Jo 

so by the uniqueness of the Laplace transform and by the density assump- 
tions, we can deduce that E^[^(^f)] = E2[^(^y)], t > 0, holds for each 
bounded measurable function g : 1^ ' ^ R. 

In order to prove that P = Q, we need to show that all finite marginals 
coincide, i. e. that 

(2.2) E^[^i(^,) . ..g^i^J] = EQ[g,{^r,). ..8n{^r„)] 

for all bounded measurable gi^ ■ ■ ,gn and all < ?i < . . . < Since we 
are going to use the a. s. Markov property, we can prove (12.21) only for a 
set of times which has full measure with respect to the Lebesgue measure. 
Namely, if Tp and Tq are the zero measure subsets of (0, +0°) correspond- 
ing respectively to P and Q (as given by Definition 12.51) . then (12.21) will 
hold only for times not belonging to TpUTq. Since functions (?i , . . . , ?„) — »• 
E^[^i(^fj) ...gn{^t„)] are continuous, (12.21) extends to all times. So, it is 
sufficient to prove (12. 2|) only for times in TpUTg. 
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We proceed by induction. For n = I, the claim is true by virtue of the 
above considerations. Assume that the claim is true for a integer n. Let 
^1 , . . . ,^,,+1 : 1^' — s> R be bounded measurable functions and <ti < . . . < 
tn+i be times in {Tp U TqY'. 

Let ...t„ be the o-field generated by , . . . , then 

So, it is sufficient to show that 

or, in different terms, that for every cp G Cfe(T^',R), 

If we had .^t,, in place of ^ti...t„, the above equality would be just a conse- 
quence of the disintegration property. We are going to use this fact. By the 
disintegration property, there is Np G ^t„ such that P{Np) = 0, (o(f„) G ^ 
and P\% G (a>(^n)) for all (0 ^ A^/>. Moreover, there is Ap e ...in 

such that P{Ap) = and for all CO ^Ap, 

(2-3) Pl^,^ = /Plg,/!^,^ JJO)'). 

Since i'(A^p) = 0, there is also a set Bp G .... such that (A^/-) = 

for CO ^ 5p. 

Now, set A^p = ApU5/> G ^fi.../„, then by using (12.31) and by the convexity 
of sets 4)f„'^H(co(?„)), itfoUows thatPlI-^ G 4>f,X^°°n«(^'0) for (O ^ A^;,. 
Similarly, one can find N'q G ^f,.../„ such that 2(A^g) = and ^ G 

4>,„^H(a)(g)fora)^A^^. 

By the induction hypothesis, P and 2 agree on ^t^,,x„, so that, if TV^ = 
A^;, U A^^, then P(A^) = Q{^) = and 

for all (O^N. □ 

Remark 2.1 1. It is worth noticing that all results of this section hold if the 
definitions of almost sure Markov property and almost sure pre-Markov 
family are replaced by analogous definitions, where each almost sure prop- 
erty is indeed sure. More precisely, it is sufficient that in Definition [23] each 
set T of exceptional times is empty. Call it a pre-Markov family. Then the 
theorem below holds and its proof is entirely similar to that of Theorem l2.8[ 

Theorem 2.12. Let {^{x))^^^^ be a pre-Markov family with non-empty 
convex values. Then there is a measurable map Px defined on 9{ with 
values in Pr(Q) such that P^ G '^{x) for all x E and {Px)xe^ has the 
Markov property. 
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Remark 2.13. In case of pre-Markov family (that is, without the almost 

sure), one can even show, as in Stroock & Varadhan [26J, that there are 

strong Markov selections. For almost sure families, the strong Markov 
property seems to be technically more complicated. 

3. The martingale problem for the Navier-Stokes equations 

Let T = [0, 1]^ be the three-dimensional torus and let 2)°° be the space 
of infinitely differentiable divergence-free periodic vector fields on with 
zero mean. Let H be the closure of in the norm of L^(T,R^), V the 
closure of 'D°° in the norm of (T,R3), and let D{A) = {ueH\AueH}. 
Let A :D{A) ^ // be the Stokes operator, 

Au = —Au, ueD{A), 

it is a positive linear self-adjoint operator on H and we can define the powers 
A", a G R, with domain D(A°') . By proper identifications of dual spaces, in 
particular we have 

V CH CV' C D{Ay. 
The bi-linear operator B :V xV ^V' is defined as 

5(M,v)=Pd„(M-V)v, 

where Ijiv is the projection onto divergence-free vector fields (for more de- 
tails on the above definitions, a standard reference is Temam ll28ll '). 

Assumption 3.1 (Noise is trace class). The covariance Q, '■ H H of the 

noise driving the equation (13.11) is a symmetric non-negative trace-class 
operator on H. 

Let (e,),£N be a complete orthonormal system of eigenvectors and denote 
by (o?),eN the eigenvalues of Q^. By the above assumption, the following 
quantity is finite, 

CO 

i=l 

Further assumptions on CI will be given later in Section [5] (see Assumption 
15.101) to ensure the validity of results contained in that section. 

We consider the three-dimensional Navier-Stokes equations in its abstract 
form, 

(3.1) du+{vAu + B{u,u))dt = (l^dW 

where V7 is a cylindrical Wiener process on H (see Da Prato & Zabczyk flVl 
for more details). 

In the rest of the paper we shall assume, for simplicity, that v = 1, since 
the size of viscosity plays no essential role in this paper. 
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3.1. Almost sure super- martingales. Prior to the definition of solutions 
to the martingale problem associated to the Navier-Stokes equations (13.11) . 
we need to introduce a slightly different variant of definition of super- 
martingale. 

Definition 3.2 (a. s. super-martingale). An adapted process {Qt,^t,P)t>o is 
an a. s. super-martingale if E^|0f| < oo for all f > and there is a Lebesgue 
measurable set Tq C (0,oo), with null Lebesgue measure, such that 

E^[0,1a] < E^[0,1a] 

holds for every s ^Tq, every t > s and every A E ^s- 

The set Tq will be called the set of exceptional times of 0. 

We shall see in Appendix |B] that some of the results which are true for 
super-martingales, hold for a special class of almost sure super-martingales. 

3.2. The solutions to the martingale problem. In view of the results of 
previous section, we consider the particular case where V = V , 9-C =H and 
V' = D{Ay. We set 

t2NS = C([0,oo);D(A)'). 

This space will play the role of state space for the solutions to (13.11) . As 
in Section im we denote by SS^^ the a-field of Borel sets of Q.^s^ and, for 
each ? > 0, by SSf^ = a((D|[O f] : (0 G ^^ns) and ^'^^ = o(a)|[f,^) : (O G f^Ns) 
the a-fields of past and future, with respect to time t, events. 

Next, we give the definition of solution to the martingale problem asso- 
ciated to the Navier-Stokes equations (|3.1I) that will be considered in the 
paper. As we shall see, the definition incorporates, in a peculiar new form, 
the energy inequality. As in the deterministic case, the energy estimate can- 
not be deduced directly from the equation, it can be proved only for those 
solution suitably obtained by a regularisation procedure (see Appendix |A] 
for an example of approximation). 

Definition 3.3. Given juq G Pr(//), a probability P on (^1ns,'^ns) is a solu- 
tion starting at /jq to the martingale problem associated to the Navier-Stokes 
equations (|3.1I) if 

[MP1] /'[L-([o,oo);//)nLL([o,-);V)] = 1; 

[MP2] for each cp G the process Aff , defined P-a. s. on {Q.^s,^ns) as 

M,^= (^,-^o,cp)+v f\^sM)ds- f\B{^,,ip)Xs)ds 
Jo Jo 

is square integrable and {Mf, ^f^,P) is a continuous martingale with 
quadratic variation 

[M% = t\(l-2(p\jj; 
[MP3] the process £/, defined P—sl. s. on (t^NSje^Ns) as 

E^ = \^t\ji + 2\ f \^s\lds-\^o\jj-to^ 
Jo 
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is P-integrable and (£'/,=^f^,/') is an a. s. super-martingale; 
[MP4] for each n>2, the process defined P—Si. s. on (fijsjs, e!^Ns) as 

E^ = U^^' + lny fu'^-^Ulds-MH-n{2n-\)<5^ f WS'^ ds 
Jo Jo 

is P-integrable and {Ej\.!^^^,P) is an a. s. super-martingale; 
[MP5] ^0 is the marginal of P at time t = 0. 

Remark 3.4. Given a solution P to the martingale problem associated to 
the Navier-Stokes equation (13.11) . define the set Tp C (0, oo) of exceptional 
times of P as the union of the sets of exceptional times of all a. s. super- 
martingales eI,e}, 

Remark 3.5. Due to property [MP2], [MP3], [MP4] of the above definition, 
property [MP2] itself needs to be verified only on a countable subset oi (D°° 
which is dense in 2)°° with respect to the norm of D{A). Indeed, if (p„ — > cp 
in D(A), then Mf" ((o) ^ Mf{&) for all (O G ( [0, ;//) n LL( [0, ; V), 
andE^|Mf"-M,'P|2^0. 

Remark 3.6. Notice that condition [MP3] is a restatement of the energy in- 
equality for the Navier-Stokes equations obtained (formally) by the Ito for- 
mula, while condition [MP4] states the energy inequality for higher moments 
of 1^1^. As usually in the literature concerning the Navier-Stokes equations 
only the energy balance for the second moment is required, we remark that 
the need of condition [MP4] will be apparent in the following pages (see for 
example Lemma lA3l where it ensures uniform integrability). 

The next theorem shows that, under natural assumptions on the initial 
condition, there is at least one solution, according to Definition 13. 3[ to the 
martingale problem associated to the Navier-Stokes equations (|3.1I) . 

The proof of this theorem in our framework will turn out to be just a by- 
product of slightly more general results presented in the next section which 
are needed for the proof of Theorem 14. 1[ Such results are postponed to 
Appendix lA.ll and suitably stated in order to be used for the proof of both 
the next theorem and Theorem 14. 1 1 below. 

Theorem 3.7. Let ijq G Pr(//) be a probability measure such that 

E^o[|x|if"'] <oo, m>l. 

Then, there exists a solution, starting at iuq, to the martingale problem as- 
sociated to the Navier-Stokes equations (|3.1I) . as defined in Definition \3.3\ 

Remark 3.8. We finally remark that the definition of solution to the mar- 
tingale problem assumed in this paper is slightly different from those avail- 
able in the literature (see for example Flandoli & Gatarek [171). A weak 
martingale solution starting at /jq E Fr{H) is a filtered probability space 
(E, (^f)f>o,P), a cylindrical Wiener process {Wt)t>o on H and a con- 
tinuous Z)(A)'- valued adapted process u on (E, P) such that u is in spaces 
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Aoc([Oi°°);^) and L2^([0,oo);y) P-a. s., m(0) has law /jq and the equations 
hold in distribution: 



P-a. s. for all test function cp. It can be proved (see Flandoli [fT4l) that a 
probability measure P on f^Ns is the law of a weak martingale solution if 
and only if properties [MP1], [MP2] and [MP5] hold. 

4. Markov selection for the 3D Navier-Stokes equations 

The section is devoted to the proof of existence of a Markov selection 
for the solutions to the stochastic Navier-Stokes equations. Define for each 
xeH the set %is{x) C Pr(t2Ns) as 



{P E Pr(f2Ns) I P is a solution starting at 5^ of the martingale problem } . 

Theorem 4.1. Assume Assumption I3.il Then there exists a family {Px)xeH 
of solutions to the martingale problem associated to the Navier-Stokes equa- 
tions with the a. s. Markov property, as defined in Definition \2.4\ 

By Theorem l2.8[ the proof of the above theorem amounts to showing that 
the family defined above in (14.11) is a a. s. pre-Markov family (as defined in 
12.51) . The proof of this claim will be developed, for the sake of clarity, in 
the following lemmas. 



Lemma 4.2. For each x E H, the set ^ns{^) is non-empty, convex and for 
allP e'^Nsix), 



Proof. Given x E H,a solution to the martingale problem exists due to The- 
orem l3.7[ so that each set ^ns(-'c) is non-empty. Moreover, by property [MPI] 
and Lemma [2?n it follows that C([0,oo);//c7) is a P-fuU set. 

Finally, it is easy to check that each (x) is convex, since all properties 
in Definition [33] involve integration with respect to elements of (x) ■ O 

Lemma 4.3. For each x E H, the set 'tf^si^) is compact and the map '■ 
H — i> Comp(Pr(QA,s)) is Borel measurable. 

Proof. Both properties stated in the lemma follow from the following claim: 

for each sequence (x„)„£n converging in // to x and for each 
Pn E ^Ns(-^n)j the sequence {Pn)n<E'S has a limit point P in 
%^six)^ with respect to weak convergence in Pr(f2Ns)- 

Indeed, for compactness, one takes x„ = x, while measurability follows from 
Lemma 12.1.8 of Stroock & Varadhan [26]. In order to prove the claim, let 
Xn ^ X in H and let P„ G ^Nsi^n)- We first show that {Pn)neN is tight on 




(4.1) 



/'[C([0,oo);//„)] = 1. 
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f^Ns n ( [0, °°);H). By [MP3], [MP4] with n = 2 and Corollary |B]4l we have 
that for all T > 0, 



r /"^ 
E^- sup 1^,1^ + / 

'-[OT] -^0 



< c(o, r, ix 



n\H 



Next, let (E,.^, (^,)f>o,P) be a filtered probability space, {Wt)t>o a cylin- 
drical Wiener process on H, uhe a process on E whose law is Pn and such 
that M is a weak martingale solution to (13.11) (see Remark [TSl) . In particular, 



u{t)=x„- f {Au{s)+B{u{s)))ds+Cl^Wt F-a.s., 
Jo 

in D(A)'. Let 7f (m) be the integral term on the right-hand side of the above 
formula. By Burkholder, Davis & Gundy inequality, for all a G (0, ^), /> > 1 
and r > 0, 

Moreover, for each yG (|,2) we have \B{u)\'^^^^y^ < \u\jj\u\y and so for 
each r > 0, 

rT 

P(^)\\w^-\0,T;D{A-y)) <C{T) / (|AM(5)|2(^-Y) + |5(M(5))|2^^-y))j5 

•J 

<C(r,y) r \u[s)\l{\ + \u{s)\l)ds, 
Jo 

which is bounded in expectation by [MP3] and [MP4] (with n = 2). In con- 
clusion, tightness of {Pn)n<E'>i follows from Lemma lA.ll (there, we take 
^1 = J{^)). Hence, there is a sub-sequence {P'J„^j^ converging weakly in 
a^s n Ll^ ( [0, oo) ; H) to some P G Pr(f2) . 

To conclude the proof, we have to show that P G "^ns i^) ■ First, we notice 
that the marginals of P,' at time converge weakly to the marginal at time 
of P and, since such marginals converge to the Dirac measure in x, [MP5] 
is true for P. Moreover, [MP1], [MP3] and [MP4] hold for P by Lemma lA3l 
Finally, [MP2] can be proved in the same way as in Lemma IA.2I for the 
Galerkin approximations. □ 

Lemma 4.4. The disintegration property ofDefinition \2. 5\ holdsfor the fam- 
ily {%s{x))jceH- 

Proof. Let x E H and P G ^ns(^)- Let Tp be the set of exceptional times of 
P (see Remark [34l) and fixt ^Tp. Let CO — > ^I^ns be a regular conditional 

probability distribution of P on (see Section 12.1.21) . we aim to find a 
P-nuU set G such that &{t) G H and Pl^^s ^ ^f'^Ns(^) for all (a^N. 
We shall have 

N = Ni UN2UN3UN4UN5, 

where all sets A'^i , . . . , N5 will be specified along the proof and correspond 
respectively to properties [MPI], . . . , [MP5] of Definition 13. 3[ 
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Set 

(4.2) St = {(DEa^s: a)|[o,,] eL^(0,r;//)nL2(0,?;y)}, 

S' = {(Dea^s : a)|[,HeC([?,°o),//)nLL([f,oo),y)}, 

and notice that St G ^ S' G =^^5 and that St fi 5' is a P-full set by property 
[MP1]. Hence, 

i=p[Stns']= [ p\l^s[s']P{d(o) 

'J St ' 

and thus there is a P-null set A^i G such that P \ [S'] = '^ for all (O^Ni. 

Let (cp„)„eN be a family of test functions which is dense in for the 
Z)(A)-norm (see Remark [331) . Fix n G N, then, since [MP2] holds for P, 
[Mf" ,P)t>Q is a continuous P-square integrable martingale with qua- 
dratic variation = ?|Q^2(p„|^. By Proposition IB .21 there is a P-nuU set 
m G such that (Mf',^f ,/'|%s),>r is a continuous Pj^s-square in- 

tegrable martingale with quadratic variation ^ for all 00 ^Nj. Set A^2 = U^2 • 
We next prove [MP3] for the conditional distributions. First we notice that, 
if we set 

al = \^t\H + 2 f l^slvds and p/ = |^o|^+^o^ 
Jo 

a} is left lower semi-continuous and (3/ is non-decreasing, and so Ej = 
a} — p/ is also left lower semi-continuous. Hence, since [MP3] is true for 
P, by virtue of Proposition IB.5[ there is a P-nuU set A^3 G such that 
(£'/,<^f^,/'|"Ns)f>f() is an a. s. super-martingale for all (0 ^N^. 

As regarding [MP4], one can proceed in a similar way with the a. s. super- 
martingales E", n>2. Set 

< = |^,|^" + 2n f\^,\l"-^g,\lds, 
Jo 

|3r = |^o|^' + n(2n-l)a2^'|^,|g-2j5, 

again af is lower semi-continuous and is increasing, so that E" is lower 
semi-continuous. In order to prove integrability of a" and P", one has to 
proceed iteratively, due to the integrals in both terms. Indeed, integrability 
of aj, P^ follows from integrability of a/, P/ and implies integrability of a^, 
P^, and so on. Again, by Proposition IB. 5 1 there are P-nuU sets A^^ G 
such that {E",M^^,P\'^j^s)t>to is an a. s. super-martingale for all (O ^ N^. 

WetakeA^4 = UA^^- 

Finally, there is a P-nuU set N5 G such that P|^ns [^t = = 1 for 

all (Jd ^ N5, and this implies [MP5] for the conditional distributions. □ 

Lemma 4.5. The reconstruction property of Definition 12.51 holds for the 
family {%s{x))xeH- 
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Proof. Let xEH and P G ^ns(x). Let Tp be the set of exceptional times of 
P (see Remark [34l) and fix ? ^ Tp. Let (O i— 2co be a e^^f^ measurable map 
defined on Q.^^^ with values in Pr(f2^5) and let Nq G be a P-nuU set such 
that (ii{t) G H and 2© ^ 4>f^Ns(a>(0) for ^ ^ ^Q- We aim to show that 



the probability measure P 0/ Q, defined in Definition l2.3l is in ^^^{x). First, 
observe that (Qco)^^^!^^ is a regular conditional probability distribution of 
2 given 

We prove [MP1]. By using the notation defined in (|4.2I) . 



since Qj[S^] = 1 holds true due to [MPi] for e 4>;^Ns(a)(0). 

In order to prove [MP2], let cp G then (M.f , ^^^,Qa)s>t is a Qco-square 
integrable martingale for all (O ^ Nq. By Proposition IB .21 (A/f 
2)j>f is a P®? 2-square integrable martingale. Since P and Q agree on 
and {Mf,^f,P)o<s<t is a martingale, it follows that {Mf,^f,P(^t 
Q)s>o is a martingale as well. 

One can proceed similarly in order to prove properties [MP3] and [MP4], by 
using Propo sition IB . 5 1 and the lower semi-continuity of processes El\ n>l. 

Finally, P and P0tQ agree on and so [MP5] is straightforward. □ 

5. Regularity of Markov selections in the initial condition 

In this section we prove that, under sufficiently strong non-degeneracy 
conditions on the noise (see Assumption 15.101) . the martingale solutions 
that are members of the same Markov selection depend continuously on the 
initial conditions. The topology on the initial conditions is that of D{A^), 
for a suitable depending on the regularity of the noise. The space D{A^) 
will be also denoted by W in the sequel. The topology on the solution at 
time t is that of total variation of the law; in this sense, it is a continuous 
dependence in law, somewhat in the spirit of uniqueness in law. 

5.1. The intuitive idea. Let {Px)xeH be an a. s. Markov process and denote 
by Px^t the law on H of under Px (in different words, the marginal of i\ at 
time t). For every t >0 and almost every 5 > we have 



for every cp G Bh{H). With more compact notations, we may write 



To understand the following idea, fix cp G ^ > and a small t. The 

function E^ -* [cp] is a-priori only measurable, independently of any imposed 
additional regularity of cp. This is a consequence of our (a-priori) lack of 
knowledge about continuous dependence of solutions on initial conditions. 

In the deterministic set-up, for small t and regular x the function x ^ 
Px,t = ^uit\x) would be continuous in the topology of weak convergence of 





[cp] =E^-.'[E^-.^[(p]]. 
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measures. This does imply nothing on E^" [E^>'[(p]] since '[cp] is only 
measurable. 

On the contrary, one may hope that under proper assumptions on the 
noise, again for small t and regular x, the function x ^ P^^t would be con- 
tinuous in the topology of total variation. In such a case x ^ E^"^ ' [E^ -* [cp]] 
would be continuous. This is the simple idea behind the main result of this 
section. 

However, there is a difficulty. We cannot show that for sufficiently small 
t the function x ^ P^ t is continuous over the whole space D{A^). Even 
worse, we cannot show that, given xq G D{A^), there is a sufficiently small 
t (depending on xq) such that x t-^ Px.t is continuous at xq in D{A^) . We can 
only prove such a statement up to a given small error. Namely, given the 
error £ > and xq G D{A^), there is a sufficiently small t, depending on both 
8 and jco, such that the jump of x^ Px.t around xq in D{A^) is smaller than 
the error e. But via Lemma [531 below, this is sufficient. The idea behind 
this is to use an approximation by a regularised problem, which has itself 
strong Feller solutions. This same technique is usually applied to handle 
locally Lipschitz non-linearities in stochastic equations. 

5 .2. An abstract result on the strong Feller property. The intuitive ideas 
of the previous subsection will reappear in the proof of Theorem [5]4] below. 
It indirectly formalises the previous intuition by saying that if a Markov 
process coincides on a positive random time with a strong Feller process, 
then it is strong Feller itself. We could think of this as a sort of antithesis of 
a coupling result, that can be called starting-by-coupling. 

In this section we switch back to the abstract setting of Section [2l to 
strengthen the idea that the following results holds true in a more general 
framework than the Navier-Stokes equations. 

Let {Px)x<E:f{ ^- ^- Markov process on (Q.,^), as in Definition 12.41 

and let {(Pt)t>o be the associated transition semi-group on B},{9{), defined 
as 

(5.1) (2'f(p)(x)=E^^[(p(^,)], ^ei^, ^^BbW. 
The operators Tt : Bjy{^) Bt,{lH) have the properties 

1. fPo 

2- l|2'HL(B,(5/)A(^)) = 1' 

and they don't constitute a proper semi-group, since, 

(5.2) (Pt+s = ^t^s for every t >0 and almost every s >0. 

Remark 5.1. We wish to clarify the above formula. The set of bad times s 
where the semi-group property does not hold depends on the point where the 
semi-group is evaluated. More precisely, given x E ^ , there is T C (0,°°) 
of null Lebesgue measure such that !P;+j(p(x) = ^Pt{^s^>){^) for all t >0, all 
s mda\\(peCb{^). 

Finally, let "M^ C be a Banach space with dense continuous injection. 
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Definition 5.2 ('JV -strong Feller semi-group). A given semi-group {'Pt)t>o 
on Bh{^) is W -strong Feller if for every t>0 and \|/ G ), 

Definition 5.3 (a. s. "M/" -Markov process). A family {Px)xe:H of probability 

measures on {Q., S8) is an a. s. W -Markov process if 

1. Px[C([0,oo);'M^)] = 1 for every jc e TV, 

2. the mapping 

x^(!^,(p)(x):=E^'-[(p(^,)] 

is Borel measurable on 'W for every t >0 and (p E Bh{^), 

3. for every t >0 and almost every s>Q, 

for every (peBh{^). 

The next theorem contains the main result of this section. It translates in 
a proper way the intuitive starting-by-coupling idea explained above. 

Theorem 5.4. Let {Px)x<e:H' ^- Markov process on (Q,,^) and, for 

each R> 0, let {P!/')^^^ '^^ ^- -Markov process on {Q.,3S). 

Assume that for every p > there are i?p > and a random time Xp on 
{Q.,^), such that for all x E 'W , with < p, 

1. lime_^o^{+/J'Cp > e] = 1, uniformly in h E W , with \h\^ < 1, 

2. for every t >0, e Bb{^), 

E^^- [(pfe)l{,p>,}] =E^^[(p(^,)l{,p>,}]. 

If (^p/*^)^>o is W -strong Feller for every R > 0, then {Tt)t>o is W -strong 
Feller. 

5.2.1. Proof of Theorem 15.41 We divide the proof in several lemmas and 
some definitions, since some of them may have independent interest. 

Definition 5.5 (approximately 'IV -strong Feller). Let (!Pr)/>o be a family 
of linear bounded operators on Bi,{o-[ ) and let £.> 0, xq E and to > 0. 

The family {(Pt)t>o is W -strong Feller at {to,xo) up to the error £ if for 
every r\> there is 6 = d{xo,to,e,r\) > such that 

I i(Pt,\\f) {xo + h) - {'p,,\]f) (^o) I < e + ri 

for every e Bb{^), with |\|/|oo < 1, and for every he W , with \h\^ < 6. 

If we can choose £ = in the previous condition, we simply say that 
{Pt)t>o is "M^ -strong Feller at (to^xo) (without error). 

An important detail of the previous definition is the uniformity in \|/ G 
Bh{^), |v|/|c« < 1. This is the key tool to transfer the continuity property 
from small to arbitrary times. It is essentially here that we implement the 
intuitive idea of subsection 15. 1[ 
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Lemma 5.6. Let {^t)t>o be a family of linear bounded operators on Bh{:H ) 
such that \\^t\\L{Bi,{»:)) — ^ f'^^ every f > and such that (|5.2I) holds true. 

Given T >0, assume that for every £ > and xqE there is to G (0, T) 
such that (!Pf)/>o is W -strong Feller at (^o^-^o) W the error £. 

Then {l't)t>Q is W -strong Feller at {T,xq) for all xq G . 

Proof Given G 'W/' , T > and £ > 0, we have to find 5 = 5(;co, T, £) > 
such that 

I {Tt^) [xq + h)- {Tt^) [xq) I < £ 

for every \|/ G Bh{^), with \\\f\^ < 1, and for every he W , with \h\^ < 5. 

Corresponding to such given xq and £, by assumption we can choose 
to G (0, r) such that (!Pf)/>o is -strong Feller at (to^xo) up to the error 
|. In particular, with the choice T) = |, there is 5* = 5(a:o,?o, §, |) > such 
that 

I i'Pto^) i^O + h)- i'Pto^) (xq) I < £ 

for every \(/ G B},{9{), with |\|/|oo < 1, and for every h e lV , with \h\^ < 5*. 

Fix he 'W with \h\^ < 5* and let A be the set of points s>0 such that 
Tfj^s — "Pt "Ps for every t>0 when evaluated in xq and XQ-\-h. For 5 G A and 
cp eBb{^), with |(p|oo < 1, we have 

I (!P/o+.v9) (^0 + h)- {PtQ+s9) (^o) I = I (!Pfo^.^9) (^0 + h) - i^Pta'Ps^) (xq) \ < £. 

Let Aj^to be the set of all 5 G A such that T — tQ — s E A. Since T — to> 
and A*^' has null Lebesgue measure, we see that Ar-to is non empty (in fact it 
is a subset of [0, T — to] of full Lebesgue measure). Therefore, for s G Aj-iq 
and\[/ G Bt{^), with |\|/|oo < 1, we have 

I (fPrXK) (^0 + h)- (fPr\|/) {xq) \ = 

= \ {^Pt,+s'PT-t,-s^){xo + h) - (!Pf„+,fPr-/o-^-¥)(^o)| < e. 
Therefore, 5* is a good choice and the proof is complete. □ 

Remark 5.7. In fact, we have proved that, given any xq E W and t > 0, for 
every £ > there is 6 = 5(xo,?,£) > such that 

I (fPrV) (-^0 + h)- (!Pf\|/) (jco) I < £ 

for every \(/ G Bh{!H), with |\|/|oo < 1, and for every h E W , with < 5. 
This is a stronger property, which is uniform m\\f E Bh{^). 

Our aim is then to prove that given £ > and xqE'W , there are arbitrarily 
small times tQ such that {Tt)t>o is TV -strong Feller at (^o^-^o) up to the error 
£. This aim is accomplished if we can prove the hypotheses of the following 
lemma. Now, consider the a. s. semigroups (!P?)/>o and (/'/*');>o as in the 
statement of Theorem [54l 



Lemma 5.8. Given xq E W , assume that for every £ > there are (tQ^Ro), 
with the possibility to choose to arbitrarily small, and 5e > such that: 



24 F. FLANDOLI AND M. ROMITO 

1. for every (p G Bt,{^), with < 1, and for every h G W , with 
\h\'W < ^E' 

I «°'(p) (-^0 + h)- i^to^) {xo + h)\<e; 

2. {^l'^°')f>o is W -strong Feller at {to,xo) (without error j. 
Then {l't)t>o is 'W -strong Feller at , jcq) for all t >Q. 

The proof is obvious, from triangle inequality and Lemma [S!6l We can 
now proceed to the proof of Theorem [54l 

Lemma 5.9. Under the assumptions ofTheorem \5.4\ for every p>Q, xE 'W 
with \x\,^^; < p, ? > and (p G Bti{^), 

\K^><?){x) - (fP.cp) Wl < 2|(pU/^^^^[Xp < tl 
where Rp and Xp are given by the assumptions. 
Proof. We have 

«^'(p) W - (^P.cp) W = E'^''M^r)t{.,<t}] -E^1cp(^.)l{xpO}] 
hence 

|«^'(P) W - (2'.Cp) Wl < \^>UP?'% < t] +P,[Xp < t]). 

Now, again from the assumptions, 

Pxi^p <t] = \ -PxlXp >t] = l -P^'\Xp >t]= ^'[Xp < t] 

and this proves the lemma. □ 

Proof of Theorem \5~4\ We only need to prove condition (1) of Lemma [5^ 
since (2) is clearly verified. Given jc G 'W' , we set p = 1 + |x| ^ and consider 
Xp and Rp from the statement of the theorem. Fix £ > 0, then there is ?e > 
such that P^^lJXp < ^e] < | for all G W with \h\^ < 1. Since \x + h\^ < p. 
Lemma [5^ immediately implies (1) of Lemma 15. 81 □ 

5 .3. The strong Feller property for the Navier- Stokes equations. In this 
section we apply the abstract result of previous section to the Markov se- 
lections of equations (13.11) . We shall prove that the strong Feller property 
holds for Markov selections under the assumption on the noise given below. 
Indeed, as we shall see in Proposition l5.13l Assumption l5.10l below ensures 
that the solutions to a regularised version of the Navier-Stokes equations 
have the strong Feller property. In view of possible extensions to weaker 
assumptions on the noise (e. g., noise less regular, more degenerate, etc.), 
we remark that all it is needed here to apply the abstract results of the previ- 
ous section are exactly the conclusions of Proposition l5 . 1 3l and Assumption 
15. 101 below is only a way to ensure this. 
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5.3.1. Further assumptions. In order to introduce the assumptions that we 
need, we recall that denotes the covariance of the driving noise that we 
have introduced at the beginning of Section [3l 

Assumption 5.10 (Noise is non-degenerate and regular). There are an iso- 
morphism Qo ofH and a number ao > ^ such that 

1 _3_ 1 

0,2 =A 4 "OQ(f . 

We first remark that the assumption above implies Assumption 13.11 In- 
deed, since the embedding of //i+^^(T) into L^(T) is Hilbert-Schmidt in 
dimension three for every £ > 0, and A^?-^ is a bounded operator from H 
to //5+2e(^T), the operator A^ is Hilbert-Schmidt in H, for every £ > 0. 

3 I 

Moreover, A~ 4 ~^Qq 2^7 (^) is a Brownian motion in//, for every £ > and 
every isomorphism Qo of //, where W{t) is a cylindrical Wiener process 
on H (see Da Prato & Zabczyk [7]). In conclusion, A^^^^OQo^ W(?) is a 
Brownian motion in D(A") for every ao > oc > 0. 

The restriction tto > ^ is needed essentially for technical reasons in the 
proof of Theorem 15 . 1 21 (see Section |C2|) . 

5.3.2. The main continuity result. Let us introduce the function : (0, °°) — > 
(0,oo) defined as 



(5.3) e(a) 



i + f ifO<a<i 
i + a ifa>i. 



Given Oq, we set 

^=D(A®(«o)) and := |A®(«o)x|. 

The general result of the previous section is applied to the Navier-Stokes 
equations using the above spaces. It is the content of the following theorem. 

Theorem 5.11. Assume that the covariance Q, satisfies Assumption 15./ 01 
J^et {Px)xeH be any a. s. Markov process associated to the stochastic Navier- 
Stokes equations (13.11) and let {^t)t>o be the operators on Bh{H) defined as 
in (15.11) . Then {^t)t>o is -strong Feller 

In view of Theorem l5.4[ we follow the approach of Flandoli & Maslowski 
lfT6l to construct P'fK We introduce an equation which differs from the 
original one by a cut-off only, so that with large probability they have the 
same trajectories on a small deterministic time interval. We consider the 
equation 

(5.4) du+ [Au + B{u,u)XR{\u\l^)]dt = (l^dW, 

where R > I and Xr '■ [0,°°) [0, 1] is a non-increasing smooth function 
equal to 1 over [0,/?-|- 1], to over [/?-|-2,oo), and with derivative bounded 
by 1. 
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Theorem 5.12 (Weak-strong uniqueness). For every x E W , equation (15.41) 
has a unique martingale solution P'^\ with 

/'r[C([0,oo);^)] = l. 

Let Xr : Q-iis [0, °°\ be defined as 

(5.5) Xi?(a))=inf{?>0 : |co(0l5^ >i?}, 

and Xi;(a)) = if this set is empty. Ifx G and \x\^ < R, then 

(5.6) ImP^^^fx^ > e] = 1, uniformly inhe'W , \h\^ < 1. 

Moreover, on [0,Xr], the probability measure P^^^ coincides with any mar- 
tingale solution Fx of the original stochastic Navier-Stokes equations (|3.1I) . 
namely 

(5.7) E^^ [(p(^,)l{,^>,}]=E^'-[(p(^,)l{,^>,}], 

for every t >0 and cp G Bh{H). 

The proof of this theorem is given in Appendix IC. 2 [ where we shall give 
a slightly stronger form of (15.71) . In order to apply Theorem 15.41 we only 
need the following result. 

Proposition 5.13. For every R > 0, the transition semi-group (!p/^^)f>o as- 
sociated to equation (15.41) is W -strong Feller 

Compared to Flandoli & Maslowski [16J, Da Prato & Debussche [6J, Da 
Prato & Zabczyk [8J and other references, the proof of this proposition is 
classical, but since this equations does not fall in any of the cases considered 
in the above references, we provide the main lines of proof in Appendix lC.2[ 
The proof of Theorem l5.1 H is therefore complete. 

6. Some consequences of strong Feller regularity 

In this section we show that the regularity results of the previous section 
provide some additional results on Markov selections for the Navier-Stokes 
equations. 

We shall prove that the strong Feller property allows to improve the point- 
wise regularity of the solutions. As a consequence, the set of exceptional 
times (see Remark 13.41) of the martingale solutions starting from a regular 
initial condition is empty and the energy inequalities of Definition 13.31 hold 
for all times. Moreover, for such regular initial conditions, the Markov 
property holds for every time. Finally, we shall prove a condition for global 
well-posedness. 

Throughout this section, we shall work under Assumptions 15.101 on the 
covariance of the noise (which, via Theorem l5.1 1[ ensures that any Markov 
solution has the 14^ -strong Feller property). 
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6.1. A support theorem. In this part of the section we show a support the- 
orem for Markov solutions. Actually, the result below is not a consequence 
of the strong Feller property, but we will use it in the rest of the section. 
As it concerns the proof, we follow closely Flandoli [15J; we also use some 
results on the approximate problem from Appendix IC. 3 [ 

We preliminarily introduce a notation. We say that a Borel probability 
measure fi on H is fully supported on W if > for every open set 
U . 

Proposition 6.1. Let {Px)xeH be an a. s. Markov selection and assume As- 
sumption 15.701 on the covariance. For every x & W and every T > 0, the 
image measure ofPx at time T is fully supported on 'W (as defined above). 

Proof. Fix X E W and T > 0. We need to show that for every y E W and 
e>0,Px[\t,T-y\-w <e] >0. LetyG W suchthatAjG W and \y-y\^ < f . 
Choose R>0 such that 3\x\l^ < R and 3\y\l^ < R. Then by Theorem[5ll2l 

Px[\^T-y\<£]>P.[\^T- 

By Lemma ICl there is a control w E W''P{[0,T];D{A^^)), with s, p and 
tti chosen as in Lemma |C31 such that the solution u to the control problem 
(IC.14I) corresponding to w satisfies 

u{0)=x, u{T)=y and \u{t)\l, <^R. 

By Lemma|C31 there exists 5 > such that for all w E W'^p{[0, r];Z)(A«i)) 
with |w — vv|vi/.5.;j(o,r;D(A"i)) < S, we have 

\u{T,w)-y\^ < - and sup w) < i?, 

^ fe[o,r] 

where each is the solution to the controlled problem (|C.14I) corre- 

sponding to w and starting at x. Hence 

[l^r - jL <l,^R>T]> [|rir - vv|w,.p(o,r;Z)(A«i)) < 5] > 

where r[t = b,t-x + Jq (A^., + |^., ) ds and the probability on 
r\ above is positive since by Assumption 15.101 T] is a Brownian motion in 
D(A"i), with full support on VF''P(0, r;D(A«i))- □ 

Remark 6.2. We remark that if a probability fj is fully supported on "JV , it 
means that its support contains W . As we shall see in Theorem 16.31 below, 
the support of the marginal of Px at every positive time is indeed W . 



-I £ 
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6.2. Improved regularity. This part of the section is devoted to the proof 
of the following theorem and some additional useful results. For techni- 
cal reasons (see Lemma ICTI) we shall restrict to the case ao > 5, so that 
e(ao) > |. 

Theorem 6.3. Assume Assumption 15. 1 0\ with tto > ^ and let {Px)xeH be a 
Markov solution. For every x & W and every t > 0, 

Pjc[there ise>0 such thatb, G C([? -£,? + £]; -Jf )] = 1. 

We point out that in the above formula the radius £ of the neighbourhood 
is random and depends on (O G ^^ns- In particular, this theorem does not 
really improve our knowledge on the global regularity of trajectories. Any- 
way, it turns out to be useful for Theorem 16.71 and the following result (an 
immediate consequence of the improved regularity). 

Corollary 6.4. Under the assumptions of the previous theorem, for every 
X E W the set of exceptional times (see Remark of is empty and 
for each n>l, the process {E")t>o (given in Definition \3.3\i is a super- 
martingale under P^. 

Proof. The above theorem implies that, for a fixed s, E"^ — > E" Px-a. s., if 
Sk T s. As in the proof of Lemma lA.3[ each {E"^)k^yi is uniformly integrable 
and these facts easily imply the conclusion. □ 

A standard technique to analyse regularity is to consider stationary so- 
lutions and then disintegrate them. The stationary solutions have uniform 
average bounds in regular topologies coming from stationarity and energy 
inequality; sometimes they imply some additional a. s. regularity of paths 
at given time t (see Flandoli & Romito ifTSl for an example); then by dis- 
integration the same regularity is transferred to solutions with deterministic 
initial conditions uq, for a. e. uq with respect to the time-zero marginal of 
the stationary solution. If irreducibility holds, the set of such uq is dense 
and the strong Feller property allows to extend the result to every uq. 

The implementation of this program in our case is difficult due to a 
number of issues. The first one is that, given an a. s. Markov process 
iPx)xeH, one needs to construct a stationary solution associated to the pro- 
cess (namely, whose disintegration at every time produces elements of the 
family {Px)xeH)- Without stationarity, the program above does not start. 

We describe here a modification of this first step. We construct a solution 
which is almost stationary and is associated to the given {Px)xeH by con- 
struction. It seems that it is not easy to prove that a suitable limit of these 
almost stationary solutions is a true stationary solution, but we conjecture 
that it should be true. Anyway, for the sequel of the program, the solutions 
that we construct are sufficient. In particular, they provide an example of 
non-stationary solution with uniform average bounds in regular topologies, 
which is, as far as we know, a not entirely trivial fact. 
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Given an a. s. Markov process {Px)xeH, we say that a solution P of the 
martingale problem with initial condition a given probability measure v is 
associated to {Px)xeH if 

P = [ PxVidx). 
Jh 

Define, for s <t, the event 

aZM = {^<^C{[s,t];W)} 

and, for every t >0, 

^Ns (0 = {there is £ > such that ^ G C{[t -e,t + e];'M/)} 
^lja^,{t-ej + e). 

e>0 

Lemma 6.5. Under the assumptions ofTheorem \6.3\ for every a. s. Markov 
process {Px)xeH there is a measure v, fully supported on W (as defined in 
Section 1(5.71) such that the solution P with initial condition v associated to 
{Px)xeH has the property 

P[a'^,{t)] = l, forallt>0. 
Proof. Let v = Jq i'*dods. Following Chow and Khasminskii [[3]|, we have 

(6.1) E^[|-Iv]= f'E^%,\lds<^Tr(l 

Jo 2 

(see the definition of solution of the martingale problem). By Proposition 

16.11 V is fully supported on W . Let P be the solution to the martingale 

problem with initial distribution v associated to {Px)xeH- The basic fact is 

the following bound. For every t > 0, 

^'[Ul]= [ E'n\^t\'v]v{dx) = [ E^''^[\.\'y]v{dx) 
Jh Jh 

Jo Jo 
= |'^'E'^[\^,\^y]dr<^^^r(l. 

Fix t > and £ > such that t — e > 0, then by disintegrating P at time 
t — 2e, for every R> sufficiently large, 

P[aZ{t-e,t + e)] = [ Py[a^,ie,3e)]Pr-2^idy) 
Jh 

> [ Py[aZie,3e)]Pt-2^{dy) 
J{\y\l<R} 

>( inf /',[<(£,3£)])p[|^,_2e|^<i?] 



>( inf /',[t2,^(£,3£)])(l-i±^Tr(l) 

\y\l<R ^ 2R 
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where Pt is the marginal of P at time t — 2£. 

So, we only need to prove that, for every R large enough, 

lim inf /',[<(£,3£)] = 1. 

This property follows easily from Lemma ICTI of Appendix IC.li since the 
Lemma gives an estimate of the time where the solutions are regular de- 
pending only on R and on the size of the noise. □ 

We can now prove Theorem l6.3[ 

Proof of Theorem lOl Let P be the solution associated to {Px)xeH provided 
by the previous lemma. We know, by the same lemma, that ^[^^J^ (t)] = 1, 
hence by disintegration it follows that Px[^'lfs (0] = 1 v-a. e. x, where 
V is the marginal of P at time 0. We use the strong Feller property to show 
that the conclusion is true for all x. Indeed, if Xn ^ x in W , then 

I P^is)[<At-s)]Px{d(0)=Px[^lZit)], 

and the conclusion follows. □ 

6.3. The Markov property for all times. The regularity result of the pre- 
vious section allows to prove that the Markov property holds for all times. 
We assume again, as in the previous section, that tto > 5. First we need the 
following lemma. 

Lemma 6.6. Assume the hypotheses of Theorem 1(5. 3\ and let {Px)xeH be an 
a. s. Markov process. Given cp G Ch{H) and r„, r>0, with rn r, define 

\Vn{x) = [(p(^,J] and \\f{x) = E^'' [(p(^,)] 

Then (vi^M)neN converges to^ in Cbi^'W). 

Proof. Given G 'M/' , we know, by Theorem 16.31 above, that ^^^^ P^-a. 
s. in 'M/' , and so ^{x). Since {}ifn)n<E.ti uniformly bounded, we 

only need to prove that the sequence (v|/n),jeN is equi-continuous. Ascoli- 
Arzela theorem next concludes the proof. But, equi-continuity is a direct 
consequence of strong Feller property (Theorem lS.l II) . □ 

Theorem 6.7. Under Assumptio ns. 1(A with qlq > j, if {Px)xeH is an a. s. 
Markov process, then {Px)x^'W '■^ Markov process. 

More precisely, for every xE 'W , every cp G Cb{H) and every < s <t, 

(6.2) E^>-[(p(^,)|^f ] = E^5.^[(p(^,_,)], Px-a. s. 

Proof. Let {Px)xeH be an a. s. Markov process in H, we know that it is W- 
strong Feller. Given G "W^ , let T C (0, 0°) be such that for every cp G Q (H) , 
every s ^T and t > s, equality (16.21) holds. 
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Fix s E (0, oo) and cp G Cb{H), we show that the above equality (16.21) holds 
for s. Let 5„ | s, with 5„ < ? and Sn ^ T, and define, as in the previous lemma, 

W = E^>[(p(^,_,„)] and = E^'-[(p(^,_,)]. 

Since \|/„ converges uniformly to \|/ and ^^^^ — > Px-a. s. in 'Jt' (by Theorem 
[63]), we have that \\fn{^s„) /'x-a. s. 

Notice that Sn ^ T, for all n G N, and so, by (16.21) for 5„, 

for all A G e^J*^. In conclusion, is the conditional expectation of cp(^f ), 
given e^^^, or, in different terms, (16.21) holds for s. □ 

6.4. A condition for well-posedness. In this last part of the section we 
show that the W -strong Feller property implies global well-posedness in 
•W (that is, for all initial conditions and all times) if there exists a single 
initial condition for which the problem is well-posed up to a deterministic 
time. We give two versions of this result, the first for path-wise uniqueness, 
the second for uniqueness in law. 

Theorem 6.8. Under Assumption \5.10\ on the covariance, assume that there 
are xqE IV ,tQ>Q and a solution P^^ to the martingale problem starting at 
xq, such that 

F;[c([o,fo];'M^)] = i. 

Then, for every Markov selection {Px)xeH, 

p,[ci[o,c^y,w)] = i 

for every xE'W . In particular, path-wise uniqueness holds for every xE W . 

Proof. We recall that, by Proposition 16. 11 the marginal of P at each time is 
fully supported on W , for every martingale solution P. 

Let {PxjxeH a Markov selection. Then P^o and P^q coincide on [0, to] . In 
particular, 

/',jC([0,?o];'w^)] = l. 

Take any £ G {0,to). By disintegration, 

P,[C([0,?o-e];'>V)] = l 

for g-a. e. x, hence on a dense set D C if , where P^„^e is the marginal at 
time £ of i\o • 

We show that C([0,?o); ) is a full set for P^, for every x E W . Indeed, 
for all xE D,wc know that Px[C{[y^,to - £]; 14^ )] = 1, for every n G N. By 
the strong Feller property, the same property is true on the whole W . In 
conclusion, C((0,?o); 'W^ ) is a full set for P^, for all .x; G W . Finally, since 
there is a strictly positive random time Xx such that all trajectories starting 
from X are continuous with values in W (see Theorem l5.12l) . we can deduce 

thatPx[c{[o,toy,w)] = \. 
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We can conclude the proof. Given x E W ,hy the Markov property we 
know that for every s > 0, 

P,[C([5,5 + fo);W^)] = l, 

hence Px[C{[0,2to);W)] = 1, and, by repeating this argument, we obtain 

P,[C([0,oo);^)] = l. 

Since from any x there is at least one regular solution (see Lemma ICTI) . 
we have path-wise uniqueness. □ 

We conclude this section by giving a condition for uniqueness in law. 
Again, it holds only for regular conditions. 

Proposition 6.9. Under Assumption 15.701 consider two Markov selections 
{Px')xeH and {P'^^>)xeH- If there are xq e W and to>0 such that P'J^> = P'^^J 
on [0, to], then P[^' = P^^' for all x e W . 

Proof. For every £ G (0,fo), the disintegrations of P^^^ and at time £ are 
the same, up to time tQ. Since they are solutions over [0,?o — e] with initial 
conditions chosen at random by the common law /^e at time £ of both P^^^ 
and Pf^, we can deduce that P^'^ and P'^^ coincide over [0,?o — e] for j"e-a. 
e. y. As in the proof of previous theorem, there is a dense set of initial 
conditions y in W such that the two measure (/'_^'');=i,2 coincide on the 
interval [0,to — e]. 

By the strong Feller property, the values of the laws on the closure of 
such dense set, hence on TV , are determined by the values on the dense set. 
Hence PJ.'^ = Pf^ for every xElV on the interval [0, ?o — e] • 

By the Markov property, the values over a finite deterministic time can 
be replicated up to every time. Thus the two selections coincide. □ 

Using the properties of regular conditional probability distributions the 
following result follows easily from the above proposition. 

Corollary 6.10. Under Assumption \5lV[ let {Px')xeH and {Px')xeH be two 
Markov selections. If there is an initial distribution on W such that the two 
solutions corresponding to the given selections coincide, then P].'^ = Px ' for 
allxEW. 

We remark that, as in Stroock & Varadhan [|26l Theorem 12.2.4], unique- 
ness of the martingale problem follows from uniqueness of the Markov se- 
lection (see also Remark [2771) . so the previous result implies immediately 
the following criterion for uniqueness in law. 

Theorem 6.11. Under Assumption \5.10\ on the covariance, assume that 
there are xq E H and to > such that there is only one solution to the 
martingale problem with initial condition xq on the interval [0,fo]- Then 
for every x E W there is only one solution to the martingale problem with 
initial condition x. 
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Appendix A. Existence for the martingale problem 

This section has a twofold purpose. On one hand, we prove Theorem 13 .71 
on existence for solutions to the martingale problem. On the other hand, the 
same line of demonstration works, almost flawlessly, for Lemma |43] and, 
in this way, we lighten its proof. 

A.l. Proof of Theorem I3.7i We assume the hypotheses of Theorem 13.71 
that is, we are given a probability measure ^ Pr(//) with all finite mo- 
ments. We aim to show that there exists a solution, starting at /jq, to the mar- 
tingale problem associated to the Navier-Stokes equations (|3.1I) . as defined 
in Definition 13. 3 [ The proof of this result will be developed in independent 
general steps, suitable to be applied in Lemma l43i In the sequel we shall 
prove, for the sake of conciseness, only those properties of the definition of 
solution to the martingale problem that present some novelty with respect 
to the known literature. For all other results, we refer to Flandoli & Gatarek 

El. 

Consider the Galerkin approximations of Navier-Stokes equations (13.11) . 

n 

(A.l) dul + [Anu';+B„{u'l)] dt = Y, a,-e,- 

1=1 

where A„ and 5„ are the projection of operators A and B onto the linear 
space Hn = span[ei, . . . ,e„] and (P;)/(=n independent one-dimensional 
Brownian motions. Similarly, the process solution to (|A.1I) has initial dis- 
tribution given by the projection onto //„ of /jq. Let be the law of m„ 
on t^Ns. Standard arguments (see for example the proof of Theorem 3.1 
of Flandoli & Gatarek U2I) show that (lA.ll) has a unique strong solution, 
for each n G N, and that the sequence (/'^)„£n satisfies all assumptions of 
Lemma IXTI below, once we take ^,"{t) = — /o(A„^^ -F5„(^^)) J^. 

Lemma A.l. Given a sequence {Pn)neN of probability tneasuves on ^ms> 
assume that there are a G (O,^), ;? > ^ and y G (|,2) such that for all 
T>0, 

1. E^"[ll^llL-(o,r;//) + ll^llL2(o,r;V)]<C(n 

2. E^«[||^«||^yl,2(o,r;i.(A-Y))]<C(n 

where C(T) is independent ofn and ^" is a suitable adapted process. 
Then (i'„)„eN is tight in a^snL^,^([0,oo);iy). 

Notice that, although it is not proved in Flandoli & Gatarek [fTTl . it is 
easy to see that each fulfils the properties corresponding to [MP1], . . . , 
[MP5] associated with equation (IA.IH I. 

We set 

(A.2) W =f2NsnLL([0,oo);//), 



We do not write down such corresponding properties for the sake of brevity. Truly, 
only [MP2] really needs to be patched, and its formulation can be found in Lermna lA!2l 
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by Lemma IATTI above. {P^)ne'S is tight in U , hence there is a sub-sequence 
(P^JneN converging weakly to some probability measure p2 on U. It is 
now sufficient to show that p2 is a solution to the martingale problem as- 
sociated to the Navier-Stokes equations (say, Definition 13 .31) . First, [MP5] is 
obvious, given the choice of the initial condition for equation [A.l[ Next, P^ 
satisfies [MP2] by the lemma below. 

Lemma A.2. The measure p2 defined above satisfies property [MP2] of Def- 
inition U73\ 

Proof. Let cp G ©"^ and set 

^(0 =?|Q.^cp|^ and C,n{t) = t\Qj(?\l, 
where Qji is the projection of Q, onto We know that, under P^, 

M?''" = {^r-^oM+ f\^sAn^>)ds- f{Bn{^,,^)Xs)ds 

Jo Jo 

is a continuous martingale, with quadratic variation . By the Levy mar- 
tingale characterisation, {Mf'^")t>o is a Brownian motion. Now, let < < 
f and A e we know that 

E^^^.[lA(Mf'^"-Mj'^")]=0, 

[iA((iM,^'''f - ut)) -mT''f - = 0, 

sup E^k„ [IM.'P'^" < oo, for all t, 

since ^„(?) t Since A/f'^" Mf for all CO e Q.ns (see for example the 
proof of Theorem 3.1 in Flandoli & Gatarek ifTTl ) and P^ p2 weakly in 
U , we have that 

E^~[l^(Mf-M,?)]=0, 

E^^[l^ ((iM.'Pp - - (|M.?|2 - = 0, 

or, in different words, [MP2] holds for p2. □ 

Finally, the proof of Theorem 13.71 is complete once we prove that p2 
fulfils properties [MP1], [MP3] and [MP4]. This is ensured by the following 
lemma. 

Lemma A.3. Let Pn, P G Pr(f2A,s) such that 

1. Pn ^Pin U, 

2. properties [MP1], [MP3] and [MP4] hold for Pn, for all n, 

3. for each m > 1 there is a constant Cm (independent ofn) such that 

E^'"\x\j^ < Cm, m>l, 
where fjn is the marginal at time ofPn- 
Then properties [MP1], [MP3] and [MP4] hold for P. 
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Proof. First, we notice that by [MP3] and [MP4] for for all m > 1 and all 

t>Q), 

(A.3) 

E'f«|^,|^™<C(m,?,o2,ci,...,c„0 and / |^,|^ < C(?,o2,ci). 

Jo 

For each T > and ?i > set 

At^X = { sup {U]i+2fulds)>X}, 
fe[o,r] -^0 

this set is open in Q.^^ by semi-continuity of the above norms in the topology 
of ^2ns> so that using Corollary IB .41 on E} , we have, 

and so [MP1] holds for P. 

We next prove [MP3]. Since Pn ^ P in U, by Skorokhod's theorem we 
know that there are a probability space (E,^,P) and random variables X„, 
Z on Z with values in U such that X„ — > X in IZ P-a. s., and X„, X have 
laws Pn, P respectively. 

First, Ej is P-integrable since, by (|A.3I) . for every t > 0, 

E^l^rll = E^\X{t)\l < \immm^\Xn{t)\l < C{t,(5^,ci) 
and similarly 

r J5] = f \X{s)\l] < liminf [' \X„{s)\l] < C{t,o\ci). 
Jo JO JO 

Then, in order to prove the a. s. super-martingale property, we just need to 

show the following claim. 

Given t > 0, there is a set Tf C (0,f) of null Lebesgue measure such 
that for all s ^Tt and all positive bounded continuous functions (|) on 
C([O,5];D(A)0, 

(A.4) E''[(^E^]<E^[(^E}]. 

Indeed, if the above claim is true, we can first deduce from it that E^[£'/ — 
Ej < for all such s. Then, if we set T = {JteoTt, where D C [0,oo) 
is a countable dense set, it is easy to see that fi^ is an a. s. super-martingale 
having T as its set of exceptional times. In fact, ift>s>0 and s ^T, there 
is a sequence t„ '\ t in D with > s. Since s ^ Tt^^, (I A. 41) holds for tn and so 
by Fatou's lemma (we use actually the version of Fatou's lemma given at 
(IB. 3D ) inequality (IA.4I) holds for t as well. 

We prove now the above claim. Fix t > and a positive bounded contin- 
uous function (|) on C{[0,s];D{Ay). Since X„ — > X P-a. s. in t^Ns, by lower 
semi-continuity of the time integral of the V-norm, we know that for all 
se [0,t], 

f ' \X{r)\ldr <\iminmXn) f \Xn{r)\ldr, P-a. s. 

Js Js 
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and so, by Fatou's lemma, 

(A.5) E^[(^(X) [' \X{r)\ldr] < liminfE^[(^(X„) f \Xnir)\ldr]. 

Js Js 

Next, since X^, ^ X P-a. s. in L^(0, ?;//), and since is uniformly 

integrable in L^{Q^s,L^{0,t •,!{)) (thanks to (IA.3D ). it follows that 

fwFlX^ir) -X{r)\ldr = f |Z„(r) -X{r)\ldr 0. 
Jq Jo 

Hence there are a sub-sequence (X,')„£n and a set Tt C [0,t] (both indepen- 
dent of (|)), with null Lebesgue measure, such that for all s ^Tt, 

(A.6) E^\X;^{s)-X{s)\ji — >0, asn^oo. 

Since X,' ^ X P-a. s. in t^Ns, by proceeding as for (IA.5I) . we get 
(A.7) E'P[(^(X)|X(0|^] < liminfE^[(^(X:)|X:(0|^]. 

Now, let s ^Tt, then 

E^[(^(X:)|X:(.)|^]-E'P[(^(X)|X(.)|^] = 

= E'P[(^(X^)(|X:(.)|^-|X(.)|^)]+E^[(^(X:)-(^(X))|X(.)|2], 

the first term on the right-hand side converges to zero by (|A.6I) . since (|) is 
bounded, while the second term converges to zero by Lebesgue theorem, 
since (|) is continuous and ^ X P-a. s. in Q.^^^. In conclusion 

(A.8) Ei'[(^(X^)|X^(.)|^] ^E'P[(^(X)|X(.)|2,], n^oo, 

and (IA.5I) . (IA.7D and (|A.8I) together ensure (IA.4I) . We finally remark that Tt 
can be chosen in such a way that ^ Tt, since = 0. 

The proof of [MP4] is entirely similar to the proof of [MP3] given above, 
we only need to prove that for all s <t. 



E^[J' \X„-X\l"'-^ds]^0, n 



so that we can conclude that 

EFmn) [ \Xn{r)\'i!p-^ dr] ^ EF[^{X) I' |X(r)|^-2^r], 

the former is a consequence of the convergence in L^(^2ns,L^(0, and 
the bounds (|A3]). □ 

Appendix B. Some results on disintegration and 

reconstruction 

In this section we give a few technical results concerning a. s. super- 
martingales, mostly used in the proofs of Theorem 14. 1[ We start by showing 
that a stopped a. s. super-martingale is again an a. s. super-martingale. 
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Proposition B.l. Given an a. s. super-martingale {Qt,^tiP)t>0' if is ^ 
stopping time with respect to {l^t)t>o> then the stopped process = QtAx 
is again an a. s. super-martingale with respect to the same filtration and 
having the same exceptional set Tq ofQ. 

Proof. The result is classical for super-martingales (see for example Propo- 
sition 1.3 in Revuz & Yor [|23l . In order to prove the same for a. s. super- 
martingales, we simply observe that if {tn)neJ^ is an increasing sequence of 
times in Tq, then {Qt„)ne^ is a super-martingale. So for example, to prove 
the a. s. super-martingale property for the stopped process, fix s ^ Tq and 
t > s, pick an increasing sequence containing both s and t and use the above 
remark to deduce that for all A G e^j, 

E[e?iA]<E[0^iA]. 

One can prove similarly that 0^ is measurable and that E[|0^|] < oo. □ 

The next proposition shows that the martingale property is conserved un- 
der disintegration and reconstruction. We give the proof for completeness 
to clarify the details related to a. s. super-martingales, even though the state- 
ment is similar to Theorem 1 .2. 10 of Stroock & Varadhan ll26ll . 

Proposition B.2. Given P G Pr(t2), two continuous adapted processes 0, 
^ : [0,oo) X Q ^ R and to > 0, the following conditions are equivalent: 

(i) {Qt,^t,P)t>to is a P-square integrable martingale with quadratic 
variation (^f)f>f(); 

( ii) there is a P-null set N G such that for all & ^ N, the process 
{Qt,^t,P\%)t>tQ is a P\^ -square integrable martingale with qua- 
dratic variation (^f)r>/„ anJ E^[E^''®' [^f]] < oo. 

Proof. Assume (i). First, we prove that if to <ti < t2, then there is a P-null 
set Nt^t2 e ^to such that for all oo ^ AZ/jfj, 

(B.l) E '■"^'o[0,,|^,J=0,,, P\%,^^-a.s. 

Indeed, let Ae^^, then for each B G we have that ACiB and 

E^[15e'''^'o[0,,1^]] =E^[0,,W] =E^[0,, W] =E^[1bE'''-^'o[0,,1^]] 

SO that E ^'0 [dt^tA] = E ^'0 [0f, 1a] out of a P-null set in ^to- Since .^to is 
countably generated, the P-nuU set can be chosen independently of A. 

Next, let Dhe a dense set in [tOj°°), then by the previous argument we 
can find a P-nuU set G e^/,, such that (IB. II) is true for CO ^ and ti,t2E D. 
By Lemma 1.2.9 of Stroock & Varadhan [26], (IB. II) is true for all t > to. 

One can proceed similarly to prove that 0/ is -square integrable with 

quadratic variation {C,t)t>tQ, since Qj is a sub-martingale and Qj — is a 
martingale. Finally, E^[E^^'^r [Cf]] = E'PfCf]. 
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Vice versa, assume (ii). Since Cd t-^ P\^^ [C,t] is P-integrable, 0f is P- 

square integrable and it is easy to see that, by disintegration on Mt^, 9. is a 
martingale with quadratic variation C,. . □ 

Proposition B.3 (Doob's maximal inequality). Let : [0, oo) x t2 ^ R an 

adapted left lower semi-continuous process and assume that {Qt,^tiP)t>o 
is an a. s. super-martingale. Let Tq be the set of exceptional times ofQ and 
let [a,b] C [0,oo), with a, b ^ Tq. Then for each X> 0, 

(B.2) IP[ sup 0/ > X] < E^[0J +E'^[0^]. 



Moreover, under the assumption of uniform integrability o/(0j 



he\a,b]' 



Proof. We prove the first inequality, under the assumption that b ^ Tq. It is 
easy to see that the inequality holds if we replace supfj=[^ 0/ with sup^^^, 0/, 
where D is a countable set of non-exceptional times containing both a and b 
(see for example Theorem 9.4.1 of Chung [4J). If the countable set is dense 
in [a,b], by the left lower semi-continuity of it follows that sup^^j^., ^ 0, = 
supjg£) Bt and the inequality is proved. 

If Z? e Tq, one can use a sequence bn 1 1>, with bn ^ Tq. The left-hand 
side of (|B.2I) converges, as /? ^ oo by monotone convergence. Since is 
left lower semi-continuous, it follows that is left upper semi-continuous 
so that, by virtue of uniform integrability, an extended Fatou's lemma (see 
for example Theorem 7.5.2 of Ash [[U) gives that limsup„^^E^[0^ ] < 

E^[0,-]. " □ 

We state an easy consequence of the above inequality, since we use the 
maximal inequality in this form. 

Corollary B.4. Under the assumptions of the previous proposition, assume 
also that 0/ = ttf — (3f, where a and |3 are positive and (3 is non-decreasing. 
Then for each a ^Tq and b G [0,°°), with a < b, 

IP[ sup at>l]< 2{E^Qa + ^^^b + ^'^P^) ' ^ > 0- 

te[a,b] 

Proof. Notice that 
Pfsupttf >l]< P[supQt + Pfo > ?i] 

= /'[sup0, + h>Kh< ^] +P[^upQr + Pfc > ^, Pfc > ^] 

<P[supQ,>^]+P[^b>'^] 
<^(E^[0«]+E^[0,]) + ^E^[|3,]. 

Finally, b can be also in Tq since uniform integrability is given by the esti- 
mate 0j^ < P^, for each t <b. □ 
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We aim to show that the a. s. super-martingale property is conserved un- 
der disintegration and reconstruction. Prior to this, it is necessary to state 
a fairly simple extension to Fatou's lemma, which fits our needs. Assume 
that the process of the above proposition is given as 0^ = — Pf, where 
a, P : [0, oo) X 12 ^ [0, oo) and P is non-decreasing. If tn 1 1, then 

(B.3) E^[e,] <liminfE^[e,„]. 

n—Kx 

Indeed, by monotone convergence, IE'^[Pf„] — > ]E^[supPf„] < E'^fPr]. Using 
the left lower semi-continuity of 6, one gets 

liminfar„ = liminf 0;^ + sup Pf„ >Qt + sup 

n^oo n^oo ^^j^ 

so that by Fatou's lemma, 

E^[e,] < E^[liminfa^„] -E^[supPfJ 

< liminfE^K] - lim E^[p,„] 
= liminfE^[ef 1. 

n^oo 

Proposition B.5. Let a, ^:[0,°°) xQ^ R+ be two adapted processes such 
that P is non-decreasing and 

e = a-p 

is left lower semi-continuous. Given P G Pr(£2) and tQ > 0, the following 
conditions are equivalent. 

(i) {Qt,^t,P)t>to is an a. s. super-martingale and for all t > to, 

E^[a, + p,] <oo, 

( ii) there is a P-null set N e such that for all 0) ^ N the process 
{Qt,^t,P\%^ )t>to is an a. s. super-martingale and for all t > to, 

E '^'0 [a^ + P,] < oo and E^[E '^'o [a^ + p,]] < oo. 

Proof. We preliminarily show that for each s and t, with to<s<t, there is 
a P-null set Ns,t e ^to such that for all to ^ Ns,t, 

(B.4) E '^'o[e,-0,|^,]=E^[0,-0,|<^,], P\%,^-a.s. 

For simplicity, we denote by Zqj the r.v. on the left-hand side, and by Z the 
r.v. on the right-hand side. Both Z and Zqj are ^^^-measurable. For each 
A e and 5 e 3§to, we have 

E^[lAnfi(e. - Qt)] = E^[lAnfiZ] = E^[lsE '^'o [l^Z]] 
and, at the same time, 

E^[iAn5(e,-e,)] = E^[i5E '^'o[i^(e,-e,)]] = E^[i5E '^miaZ^]], 
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hence there is a P-nuU set Ns^t,A ^ ^to such that for all (O ^ Ns^tA^ 

nltO nltO 

E '^'0 [IaZ] = E '^'0 [l^Zco] 

Since is countably generated, we can find a single P-nuU set Ns,t E 
such that the above equality holds for all (0 ^ A^^^/ and all A in a countable 
set of generators. In conclusion, = Z, P\% -a. s., for all (a ^Nu and the 

claim (IB .41) is proved. 

Assume f/j. Since E-^[E ^'o [pf]] = E^^fP/] < oo, for each t > to there is 

a P-nuU set Ni^t e such that E '^'o [p^] < oo for all CO ^ A^i,f. Choose 
a sequence tn 1 °° and let A^^i = U^gnM,/- Since p is non-decreasing, we 

pirn 

have that E '^'o [P^] < oo for all (O^Ni. In particular, for all (0 ^ A^i, P G 
LL([?0,°o);Li(f2,/'L|J). 

Now, consider again a sequence t and notice that for each n eN, 

E^[/ E^-^'o[as]ds]= E^[a,]</ E^[e, + p,] < (f,-fo)E^[e,o + p,]. 

From this it follows, as above, that there is a P-nuU set E such that 

a E LU[to,oo)-L^{a^p\^J) for (o ^ A^2. In particular, E '^'o [a^] < oo for 

a. e. ? > tQ, for each (D ^ N2. At this stage of the proof the null set of times 
does depend on co, but what we know is enough for the next computations. 

Fix t > to, then for every Borel set T C [to,t], A E and B E ^t, we 
have 

rt 



>0. 



By using the generalised Fatou's lemma (IB. 31) and Fubini theorem, it fol- 
lows that 



E^ 



>0. 



I JtQ 

so that there is a P-nuU set Ntj^B E -^to such that for all CO ^ Nt,T,B, 

plO) plO) 

IrE ' ^'0 [igE ' '^'0 [0^ - 0,1^^,]] ds > 0. 



/ 



Since both the o-algebra of Borel sets of [to,t] and are countably gen- 
erated, there is a single P-nuU set Nt E SSt^ such that the above inequality 
holds for all T and B running over a set of generators of their respective 
o-algebras. Fix co ^Nt, then there is a set rf(co) C [?o,0 with null Lebesgue 
measure such that for all s ^ 7r(co), 

p|(0 

E '"^'0 [0, - 0, 1^,] > P\%^^ - a. s. 

Let D C (?o,°°) be a countable dense set and let A^3 = [jteo^t- Fix G) ^ N3 
and set re(co) = UfeD^flco)- We show that re(co) is the set of exceptional 
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times of {Qfi^t,P\%^ )t>to- Let t > s > to, with s ^ re(a)), and take a se- 
quence t of points of D. By the simple extension to Fatou's lemma (IB.3I) 
given above, it follows that for each A G 

pieo pio) pirn 

E '^'0 [1^0,] < liminfE '-^'o [1^0,J < E '-^'o [1^0^^] 

and so E ^'o [Qt\^s] < ^s- Finally, we show that we can choose A^3 in such 

a way that ?o ^ 7e((0)- Indeed, one can proceed as above with s = to and 

without integrating with respect to time, getting an additional P-nuU set out 

of which everything is fine. 

We finally set N = N1UN2UN3 E and such P-nuU set is the one 

needed for the validity of ( ii). In order to conclude the proof of ( ii), we only 
piffl 

need to show that E [at] < holds for all t > to and all (a ^ N. Fix 

(a^N, then for every t Tq such that E "^'o [a^ ] < 00 (by the choice of N2 
above, this is true for a. e. 0, we have 

p|(B plO) p|(B pltO p|(0 

E '^'0 [a,] = E '-'A. [0,] +E '-"^'0 [p,] < E '-^'0 [0,0] +E '-"^'o [(3,], 

and so the semi-continuity argument concludes the proof. 

Assume next that statement (ii) holds. We show first that for all T > to, 
a, p G L\to,T;L\n,P)). Indeed, E^p, < E^^t for all t G [to,T], and for 
all t ^ Tq, 

E^[a,] = E^[0f + pf] < E^[E^'^'o [0,]] +E^[pr] 

< E^iE^^'^'o [0,J] +E^[pr] = E^[0,„] +E^[pr]. 

For a fixed a time t>towe show that there is a set Tq i C [?o, ^] with zero 
Lebesgue measure, such that E^[05 — 0/ 1=^.5] > 0, P-a. s., for all s ^ Tq j. For 
each A G e^f, (O ^ N and s ^ re((o), where re((o) is the set of exceptional 
times of (Qt , , P\%^ ), we know that 

E '-^'ofl^E '^'o[0,,-0,|^,,]] >0, 
so that for all Borel set T c [to,t] we have that 

ft pltO pltt) 

E^[ / ItE '^'0 [IaE '"^'0 [0, - 0, 1^,]] > 

J to 

All such integrals are finite thanks to the integrability properties of a and p. 
By using (IB. 31) and Fubini theorem, we get that 

JtQ 

Hence there is a set Tqj^a C [toj) of null Lebesgue measure such that for 
s ^ To^tA, E^[tA'E^[Qs - Qtl^s]] > 0. Since is countably generated, it 
is possible to find, as before, a set Tq i of null Lebesgue measure such that 
EP[Q, - 0r|=^,] > holds P-a. s. for all s ^ Tq^i- 
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Now, as in the first part of this proof, we can show that the set TQ t can be 
found to be independent of t, by using a countable dense set of times and 
lower semi-continuity. Similarly, to ^ Tq. □ 



Appendix C. Analysis of some equations related to 

Navier-Stokes 

This section is divided into three parts. In the first part we prove a reg- 
ularity result for the auxiliary equation IC . 1 1 below, that we use in Section [6] 
to show the regularity improvement. In the second part we prove a couple 
of results stated in Section [5] on equation (15.41) . Finally, in the third part 
we show some controllability properties for the same equation (15.41) used in 
Section |6l 

In this section we will be quite sloppy in the management of constants 
in the various inequalities. The value of constants will change from line to 
line, but we use the same symbol. We shall only state the quantities they 
depend upon. 

C.l. Regularity boost for an auxiliary equation. Given z G C( [0, T] ; //) , 
with z(0) = 0, and uq G H, consider the equation 



(C.l) 



f +Av + B(v + z,v + z) =0, 

v(0) = Uq. 



We say that v G L°°(0, r;iy) n C([0, r];D(A)') is a solution to the above 
problem if 

{v{t),(p)H+ f {v{s),A(p)Hds- [ {B{v + z,(?),v + z)Hds= {uo,(p)h 
Jo Jo 

for every cp G D{A) with bounded gradient. Notice that all terms are well 
defined under the given regularities. The following result shows that nice 
bounds of the solution to the above equation in V allow to improve its reg- 
ularity up to the one allowed by the data. 

Lemma C.l. Let uq eV and z G C([0, r];D(A^)) be given, with y > |. 
Then there exists > 0, depending only on \uq\v and on the norm ofz in 
C([0, r];D(A^)), such that the equation (IC.ll) has a solution 

(C.2) V. GC([0,n];y)nL2(0,n;D(A)). 

Such a solution is unique in the class L°°(0, T;H) nC([0, r];£)(A)'). More- 
over, 

(C.3) V. GC((0,n];D(AT^)). 

Proof. We do not give all the rigorous details (they require a careful use of 
Galerkin approximations for the existence part and finite dimensional pro- 
jection for the uniqueness) but only the formal estimates behind the results. 
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Step 1. The basic computation for existence is an a-priori estimate in V, 

j^\v\l + 2\Av\jj = -2{Av,B{v + z,v + z))H 

< 2|A?+S|/f \A-^-''B{v + z,v + z)\h 
<Cb\a'4+^v\h\aI-^v + z)\1 

< \Av\l + C{B,e){\v\v + \Ah\Hr^ 

(for a suitable exponent > 0) where we have used Lemma ID^ with a = 
I — e and interpolation inequalities, and £ > is small enough. The proof 
of the existence statement then easily follows. 

Step 2. As to uniqueness, if vi G L°°(0, T*;//) n C([0, r,];D(A)') is an- 
other solution to (IC.ll) and w = — vi, then, using the embedding |v|^3 < 
\A-^v\h, 

\^j\^\h + \Mv = -(w,5(w,v* +z)+B{vi +z,w))h = {v^+ z,B{w,w))h 

3 I 

< \w\v |w|/^3(x)|v* +z|l6(t) ^ 

< \w\v + +21^1^1^' 

hence by Gronwall's lemma, w = 0. 

Step 3. In this step, we prove (IC.3I) under the assumption Y= |, where 
n > 2 is an integer. We shall use the following claim: 

if for to E (0, r*) and for m E N, with 2 < m < n we have 
v*(?o) E Z)(Af ), then 

V. eC([fo,n];D(A^))nL^([?o,n];D(A'^)). 

Since E L^{0,T^;D{A)), it follows that V^{t) E D{A) for a. e. t E (0,r,]. 
The above claim yields 

V. eC((0,n];D(A))nL2((0,n];D(Ai)), 

and so v^{t) E D{Ai) for a. e. f G (0,r*]. It is then sufficient to iterate this 
argument a finite number of times, to deduce (IC.3I) for these values of y. 

Let us prove the framed claim above. Again we just show the basic esti- 
mate, which follows easily from inequality (ID. II) : 

d m 9 m+1 'J , ™ 

— \A^v4jj + 2\A^v4ji = -(A'"v,,5(v, -fz,v* +z))h 

< |A^v,|^ + C,„(1 + |v*|k + \A^z\hY"% 

the proof of the claim is then easy and omitted. 

Step 4. The transition from y = | to any y > ^ follows from a variation 

of the framed claim given above. Assume that for given K > ^, [3 G [0, ^), 
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with K + P > |, and to G (0, T^] we have 

V. e C{[to,n];D{A''))nL\[to, r,];D(A^+3)) 
and z G C([0,n];D(A'^+P)), then 

v,GC([ro,r,];D(A'^+P))nL2([ro,r,];D(A'^+P+^)). 
This claim follows from the estimate 

(A'^+Pv,A'^+P5(v + z,v + z))^ < IjA-^+P+ivl^+ClAf+Pzl^ + 

4P 



+ c(|A-+^v|^|A%irP + |A-+Pz|^)|A-+Pv|i 



whose proof follows. First, by using Lemma ID^ with a = K + ^ and inter- 
polation inequalities, we get 

{A'^+K,A''^^B{v,v))h = (A'^+2Pv,A^5(v,v))// < C|A^+2Pv|^|A^+5v|^ 

1 4p 

<l|A'<+5+Pv|^ + C|A'^+^v|^|A^v|^|A'^+Pv|^. 
Similarly, by using Lemma ID^ with a = K + (3 — ^, 

<C5|A'^+P+^v|^|A'^+Pv|h|A'^+Pz|// 
<^|A'^+P+^v|^ + C«|A'^+Pv|^|A'^+Pz|| 

o 

and in the same way, 

(^A-+K,A-+^B{z,z))h < l\A^^^+'^v\l + CB\A-+h\l 

All together, the above estimates yield the estimate of the non-linearity. □ 

C.2. A few results on the regularised problem. In this appendix we give 
details of the proofs of Theorem 15.121 and Proposition l5.13[ We denote by 
M^*^ the solution to equations (|5.4I) (possibly dropping the x sub-script when 



there is no ambiguity), and by Pf' its law on Q^s. Moreover, we write 
j^(R) — y(R) _|_ where v is the solution to the auxiliary problem 



(C.4) +Av(«' +5(v<«^ +zy'' + z)XRi\v'''+z\i ) = 

where for all (O G f^Ns. z{-:(ii) solves the Stokes problem 

(C.5) z{t)+ f Az{s)ds = (ii{t). 

Jo 
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Proof of Theorem \5. 12\ By Assumption 15.101 the trajectories of the noise 
belong to 

^^Ns= n CP([0,oo);D(A«)). 

pe(0,^), ae[0,ao) 

with probability one, hence analyticity of the semi-group generated by A 
implies that, corresponding to each (O G Q.^^, z E C([0,oo);D(A2+""^^)) for 
every £ > (see Flandoli [13J), and in particular z G C([0,oo); TV), since 
e(ao) < ao + 5. 

Given 03 G f^*^, one can prove that equation (IC.4I) has a unique global 
weak solution in the space C([0,oo); Tl/' ). The proof of this claim can be 
carried on by means of standard arguments such as Galerkin approximations 
(see for instance Flandoli & Gatarek [17J) and here is omitted for the sake 
of brevity. Anyway, the crucial estimates (|C.6I) . (IC.7I) and (IC.8I) are given 
below. 

Next, we prove (15.61) . In order to do so, it is sufficient to show that 



^[Xij < £] < C{e,R) with C{£,R) i as e i 0, for all jc G -w^ , with l^lj^ < f , 
and for £ small enough (depending only on R). Fix then £ > small enough, 
then, for? < x^fco). 



dt 



ao >J 



Consider first the case 
@Ir < f • Then, by Lemma Ell 



Let 0e.^ = supjQg] \z\^ and assume that 



|(v<«>,5(v<«'+z,v(^' + z))^|<C|A2v(«)|^|v(-'+z|2^ 
(C.6) <2\A'2vm,+C{W%+@lj,)\ 

and, if we set (p(?) = |v^*X?)|^ +®Ir^ we get (p < Ccp^. This implies, to- 
gether with the bounds on x and &£^r, that (p(?) < R{2 — CeR)^ and in 
conclusion 



2/3 

W'^\t)\' < 2{W-'^\t)\l + mil) < 2(p(0 < <R + l 



for £ < (^^^(^+1) • particular, since this holds for all ? < £, it follows that 
Xr > £. Hence 



Pr[TR<e]<Pnsup\z\i,> 

m 



-] 



and, since the last probability above is independent of x (it depends only 
on the law of the Stokes problem) and converges to as £ J, 0, the claim is 
proved. 
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In the special case tto =4 , we set &er = sup[oe] |A^z|^, where K G 



(0, 4) can be chosen arbitrarily small, and (IC.6I) is replaced by 



|(v<«>,5(v(«'+z,v<«> + z)) 



(C.7) <C|v<«f^|A^V^«'|;;2K(|^(«)|l-2K|^>^(«)|2K^0^^^)2 

1 4_LiK 4k 4 

which follows from Lemma ID^ interpolation inequalities and Young's in- 
equality. We set (p(?) = |v**^(?) 1^ + ©iij + 2k, and the proof proceed as in 
the previous case to get |^ < i? + 1 for £ small enough and depending 

only on R. 



If finally tto G (i^) , we set &e^r = supjo^ej lA^'^^h], where y=^ + l 

(by this choice, in particular we have 0(ao) < 9(y) < tto + 5) and again by 
Lemma ID^ interpolation and Young's inequalities. 



•w 



l-2ao 3+2ao 
3+2ao 

(C.8) <|A^v<«>|2^+C(|v^«)|;^^«"+0l^) 

l+2a() 



^i+zuo 3+2a(, 

<iA^v<«>|2^+c(ni.+0,,r^)^ 
<iAV>|2^+c(n2^+0i^+i)i+« 



1 

3' 

where a = 2(1 +2ao)"'. If cp(?) = |v<*Xf)|^ +®1,r + ^ we get the same 
conclusions as in the previous cases. 

Finally, in order to prove (15.71) . we show a stronger property, namely that 
lR{uf^) = Xi;(^) and that ^ coincides with uf on [0,Xr\, Px-sl. s.. Indeed, 
set w = * — ^ and consider the process Ef defined below in (IC.IOI) . By 
Lemma IC3l E is an a. s. super-martingale. Since by Lemma |C2] Xg is a 
stopping time. Proposition IB . 1 1 ensures that the stopped process (£'/*)r>o is 
an a. s. super-martingale too, and in particular E^' < E^' [Eq*] = 0. 

Now, for every <?AXi; we have <i?and so Xi;(||a**'(5') |^ ) = 

1 . Moreover, using the properties of Navier-Stokes non-linearity. 
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and 

The last term in the equality above can be estimated using Lemma §1.2. 1 of 
Temam (21. Indeed, if a < 1, 

5 S(a) 2 , , 



{w,B{wM''^)) <C\A^-—w\ji\u\^ 

5 9(a) , 

<C{R)\A»-—w\l 



<C{R)\w\l ^"^^Vl^^ 
< \w\^y+C{R,a)\w\l, 

by interpolation, since | - < ^ for all a > 0. If a > 1, the same inequality 

5 _ 9(a) y II? 

holds by simply replacing |A8 ^ w\jj with \w\jj. The special case a = 1 
(corresponding to the Sobolev critical exponent) can be handled by simply 
writing the same inequality for a slightly smaller a = 1 — £. 

Next, consider t > 0, then we know that E^' [£'f^*] < 0, and so, using the 
previous inequality, 

r ftA'^R -1 ft 

E^^[\w{tAXR)\ji]<Ca,REP' / \w{s)\jids <Ca,R E^-[|w(^AX/;)|^]. 

By Gronwall's lemma we finally deduce that E[|w(? A x^) |^] = 0, for all 
t >0. We next prove that 

(C.9) E''^[\w{xr{u^''))\1]=0. 

On {x/;(m*^') = +00} the above formula is obvious, so we need to prove 
that the above expectation is zero on {x^(m**^) < 0°}. If (0 G {tr{u''^^) < 00} 
and t ] 00, then ? AX/;(m'*'((i))) t 'Ci;(M'^*'(co)) and so, by semi-continuity (we 
recall that w is continuous in time with respect to the weak topology of H) 

\w{{XR{u^'\&)))\l<\unM\w{tAXR{u^'\(D)))\l. 

Fatou's lemma then implies (IC.9I) . Finally, from formula (IC.9I ) and the 
above considerations we deduce that x(m^*^) = x^(^), P^-a. s. and that uf' = 
^,P,-a.s.on[0,XR]. □ 

The previous proof used the following two lemmas. The first shows that 
the blow-up time for the regular solution is a stopping time with respect to 
the natural filtration, the second prove an a. s. super-martingale property for 
the difference between the weak and the strong solution. 

Lemma C.2. Let be a martingale solutions to Navier-Stokes equations 
(13.11) . Under the assumptions of Theorem 15.721 consider the process u'^' 
and the random time Xr defined in (15. 5|) . Then %R{uf^) is a stopping time 
with respect to the filtration {^f^)t>o. 
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Proof. Let be the time on O!^^ = C([0,oo); 14^ ). By Proposition 4.5 
of Revuz & Yor |l23l, x^ is a stopping time with respect to the canonical 
filtration of Q!^^. On the other hand, x^(m^*'(co)) = XR{uf {(£>)) for P^-a. e. 
CO e ^2ns» and therefore 

{w e ^2ns : XR{uf {(£>)) < = {00 G f^Ns : («) G {«' G f^Ns : ^r{^') < t}}- 

The set on right-hand side is finally ^j^^ -measurable since m^*' is progres- 
sively measurable. □ 

Lemma C.3. Let Px be a martingale solutions to Navier-Stokes equations 
(13. 1|) . Under the assumptions ofTheorem \5.12\ set w — u'j^' — ^. and define 
(C.IO) 

E, = \w{t)\j, + 2l^\w{s)\Us + 2l\xR{\W'T^)^^^^^^ 

Then the process {Ef,^^^ ,Px)t>o is an a. s. super-martingale. 

Proof. Since already satisfies an energy inequality (property [MP3] of Def- 
inition[33l), if we write = - 2(M**',^)/f + 2|^|^, then we only 

need to show energy equalities (in terms of super-martingales) for 
and (w**',^)// -|-2|^|^. We actually show that for every s ^ Tp^ (where Tp^ is 
the set of exceptional times of Px) and every t > s, 

{u^'\t),m) = {u''\s),^{s))-l\Au^'' + XRi\W''C^^ 

- j\Ak + B{^X)M''')dr + j\ci^dW{r),^) + 

+ j\(lUw{r),u"'^)+oh 



and 



^)\]i + 2 j\u'''fydr=\u'''\s)\l + j\u'''\(lUw)+o''{t-s). 



hold Px-Si. s. (in particular, all the quantities in the two formulae above are 
well defined and finite). 

The proof is in the spirit of the results of Serrin [[24| on weak- strong 
uniqueness: the process m*** is regular enough (more precisely, sup|M**'|^ 
has exponential moments) so that the estimates can be obtained with stan- 
dard arguments. We prove the first of the two equalities above, the other's 
being entirely similar. Let 7r„ be the projection on the first n Fourier modes 
and let ^„(f) = %nK{t) and M*f' (0 = 7i:„i<^^*(r), then 

<'(0 = <'(0)- r7i„(AM<«^ + X^(|i<(«>|^)5(i<(«\ «(*')) j5 + 7r„(l^w(0, 
io 

^„(0=^«(0)- !\n{Al,^B{l,,l,))ds + %n(l^W{t), 

Jo 
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SO that, by standard arguments, 

{uTit)Xn{t))-{uf{Q)MQ)) = 

Jo JO 

+ f\Tl„Cl^dW{s),^n)+ f\uf,%n(VdW{s))+ti:x{-K„ClTln). 

Jo JO 

The terms on the left-hand side above converge to the corresponding term 
since w*** and ^ are continuous in time with values in H with respect to 
respectively the strong and the weak topology. The limit in the Ito integrals 
and the correcting term are equally easy. As for the two Lebesgue integrals, 
the scalar products converge by Lebesgue theorem, since for both weak 
and strong solutions, a. s. in time, AM'*'-f%^(|M^*'|^)5(M^^*,M**') and A^-|- 
are in V' and u^'^\ so that the integrands converge a. s. in time, and 
since the following bounds 

<C|^|vSUp|M^''^|y 

[o,rl 

and 

\{ufMA^+B{i,mH\<cw%mv+\%) 

<cmv+ninl)^Mu''''\v. 

[0,T] 

hold by standard inequalities (the terms on the right-hand side of both equa- 
tions are integrable P-a. s.). The proof is complete. □ 

Proof of Propositio ns. 13\ We aim to show that the transition semi-group 
(!p/*')f>0 is 'Tl/' -strong Feller. As in the proof of the previous lemma, we 
shall provide formal estimates, that can be made rigorous only at the level 
of Galerkin approximations. Let (E, {^t)t>o^ P) be a filtered probability 
space, {Wt)t>o the cylindrical Wiener process on H and, for every x E 'W , 
let M^*' be the solution to equations (15. 4|) . By the Bismut, Elworthy & Li 
formula, 

and thus, for |\|/|oo < 1, by Burkholder, Davis & Gundy inequality, 

|«V)(^o + /^)-«V)(-^o)|< 

<^ sup E^[(rieo^^^+'^°A.<%/.Wl^^^)^]- 

^ r|e[0,l] -^0 

The proposition is proved once we can prove that the right-hand side of the 
above inequality converges to as \h\^ — > 0. 
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Assume first that ^ j. Fix x E W and write u = u'^K The term Du 
solves the following equation 

^(A?+«o^m)+A(A?+«"Dm) =%^(|m|5^)A5+""(5(Dm,m)+5(m,Dm)) 

+ 2x'r{\u\1,){u,Du)^A-^+^WM, 

hence 

j^\A'^+Wu\l + 2\A'^+'^Du\l = 

(C.ll) =2Xr{\u\1,){A'^^+-Wu,A'''^+-^{B{Du,u)+B{u,Du))) + 

+ 4x'r{\u\1,){u,Du)^{A'^+-Wu,A'^'^-'B{u,u)). 

We use Lemma Id!2] to estimate the terms on the right-hand side. 

2xr{\u\1,){A'^'+'^Du,A'^+'HB{Du,u)+B{u,Du))) = 

= 2XR{\u\l^){A'"^+'^Du,A''^'-^iB{Du,u)+B{u,Du))) 
<C{B)xr{\u\1,)\A'^+^Du\h\Du\ 

<^\A^+'^Du\l + CiB,R)\Du\l, 

and, similarly, 

4x'r{\u\1,){u,Du)^{A''^^+^DuA'''^^B{u,u))< 
<CiB)x'Ri\u\l)\u\l\Du\^\A'^^+'^Du\H 
<^-\A-o+'^Du\l+C{B,R)\Du\l,. 

We plug the above estimates into (IC.l II) and we use an interpolation argu- 
ment to get 

since, by definition, 0(ao) G [tto-f 5,0x0 + |)- From Gronwall's inequality 
we finally obtain 

(C.12) r lA'^^+'^DuisMjjds <C{B,R,ao,T)\A'^+h\l 

Jo 

and the proof for tto 7^ 5 is completed. 
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The case tto = j is slightly more complicated, since for this value of tto 
Lemma ID^ is weaker. As in estimate (IC.7I) . we introduce a small penalisa- 
tion exponent K and, by proceeding as in the case tto 7^ 5 we get 

2XR{\u\l,){A'^Du,AhB{Du,u) +B{u,Du))) < 

< C{B)xr\A^^^Du\ ■ \A^+^Du\ ■ |A5+^m| 

1,5 



and 



< ^\AtDu\^ + C{B,K:)XR\A^^''u\^\A*Du\^ 

4x'i,{\u\l,){u,Du)^{A^^^+-Wu,A'^>+h{u,u))< 

< C{B,R)xr\A^Du\ ■ \A^^^Du\ ■ \A^^^u\^ 

< ^\AWu\^ + C{B,R,K)\A'^+\\TTm\A^Du\^ . 

Now, since by interpolation X/^IA^+'^m] < C{R) |A^^^m|'^(^'^), where £ is suit- 
ably chosen and e(K,£) << 1 (when K << 1 and £ << 1), we finally get 

^^\A'^Du\l + \A^Du\ji < C(5,i?,K,£)(l + \A^-''u\'^^^^'>)\A^Du\ji, 
and (IC.12I) follows for this case by Gronwall's lemma, provided that 

(C.13) exp(c \A^-^u\'ds^ 

is finite. If we split m = v + z as in the previous proof, the quantity (|C.13I) 
above for z is finite by Fernique's theorem (see also Proposition 2.16, Da 
Prato & Zabczyk [7]). As it concerns the same quantity for v, we need a 
few additional computations. Indeed, it is sufficient to find a small (3 > 
such that E^[F{T)] is finite for the quantity F{t) = exp((3|Aiv(?) p -|- 
^jQ\Ah\lds). Now, 

and, by using again Lemma ID^ and interpolation 

Xi;(A?"^v,A?+^5(M,M)) < C{B)xr\A^^^v\ ■ |A?+^Mp 



8k 



< C(5,i?,K,£) |A4v|(02 + |A^"St^; 
<^|Aiv|2 + C(5,i?,K,£)(l + 0), 



16k 

where = supjo j-] |A^^^z|t^. In conclusion we get F < (3C(5,i?,K,£)(H- 
&)F{t) and the proof is complete. □ 
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C.3. Controllability results for the regularised problem. In this part we 
show the auxiliary results used in the proof of Proposition 16. II In the fol- 
lowing lemmas we follow closely Lemma 2.1 and Lemma 3.1 respectively, 
of Flandoli [15J. 

Lemma C.4 (Approximate controllability). LetR > 0, T > and letx&W 
and y E W , with Ay E W , such that 

< ^ and \y\l, < ^, 

then there exist w G Lip{[0, T];'W) and 

MGC([0,r];'W^)nL2([0,r];D(A^(«o)+5)), 
such that u solves the equation 

(C.14) dtU+Au + XR{\u\l^)B{u,u) =dtw, 

with u{0) = X and u{T) = y, and 

(C.15) sup \u{t)\l, <R. 

te[o,T] 

Proof. Consider first w = 0, then by an inequality similar to (|C.6I) - (IC.8I) . 
we get 

j^\u\1, + \a'^u\1, <CiB,ao)iR + 2y\u\l,, 

for some exponent e and some constant C(5,ao) depending on (Xq and the 
non-linearity, so that by Gronwall's lemma, 

\u{t)\l+l^\AUlds<p^(''-<>''^\ 

Hence, u E D(A^('^o)+5) almost everywhere and, by starting again the equa- 
tion on one of this regular points (notice that the equation has unique solu- 
tion), we can find a small G (0, j) such that 

\u{t)\l,<R, foralU<n, 
Au{T^) G W. 

Define u to be the solution above for t G [0, T^] and set for t E [T^,T], 

T-t t-T^ 
uit) = — — —u(U) + — — —y. 

First, we obviously have (|C.15I) . Next, if we set 

r\ = dtu + Au + Xr{\u\1^,)B{u,u) 

and w to be for t <T^ and w{t) = r[sds for t E [T^,T], we also have 
(|C.14I) . We only have to prove that r] G L°°(0, T;W). The first two terms 
of T| are obvious, for the non-linear term we observe that by Lemma lDl2l it 
follows that 
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foranyMi,M2 eD(AQ(«o)+5). □ 

Let 5 G (0, ^) and p > I such that * — | > 0, under this assumption one 
can see (see Flandoli ifTSl ) that for every ai < ao the map 

w^z(-,w):W^'^([0,r];D(A«i))^C([0,r];D(A"'+^-p-')) 

is continuous, for all £ > 0, where z is the solution to the Stokes problem we 
have introduced in the proof of Theorem l5.12[ In particular, it is possible to 
find, for any value of Uq, values tti G (0,ao), s and p such that the above 
map is continuous from W''P{0, T;D{A^^)) with values in C([0, T] ;D(A®)), 
where corresponds to the space of regularity where z is evaluated in in- 
equalities (|C.6I) . (IC.7I) and (IC.8I) . hence = 0(ao) for ao > 5, = 0(ao) + k 
for ao = 5 and = 0(^ + i) for ao G (i, i). 

Lemma C.5 (Continuity along the controllers). Let s, p and ai be chosen 
as above, and let w,i w in W'^'P{[0,T];D{A'^^)). Let u be the solution to 
equation (|C.14I) corresponding to w and some initial condition x and let 

x = inf{f>0 : \u{t)\l, >R} 

(and X = +0° if the set is empty). Define similarly, for each n eN, Un and x„ 
corresponding to Wn and the same initial condition x. 
Ifx > T, then x„ > T for n large enough and 

Un — >u inC{[0,T];W). 

Proof. Set Vn = u„ — z„ for each n G N, and v = u — z, where Zn, z axe the 
solutions to the Stokes problem corresponding to w„, w respectively (see 
the proof of Theorem ISini). Since w„ w in W'^p{0, T;D{A^^)), this gives 
a common lower bound for (x„)„£n and x. For every time smaller than this 
lower bound, we can estimate, 

+2|A2(V„-V)|^ = 2{Vn-V,B{u,u) -B{Un,Un))T^ 

= 2{Vn-V,B{Un,V-Vn) +B{Un,Z-Z„) + 
+ B{v - Vn,u) + B{z - Zn,u)) ^ . 

In order to estimate the term on the right-hand side above, we consider 
three cases, depending on the value of ao- If ao > 5, we can estimate the 
right-hand side of the above formula as in inequality (IC.6I) . For instance. 



(v„-v,5(m„,v-v„))^ < C|A3(v-v„)|^|m„|^|v-v„|^ 

1 

8' 

and the other pieces can be handled similarly. So, by Gronwall's lemma, 



< ^\A-2{V -Vn)\l, +C\Un\l,\v ~Vn\l, 



\Vn{t)-v{t)\l, 



< 0„exp(^ {\un\l, + \u\l,)ds) {\un\l, + \u\l^)ds 
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where 0„ = suTpp j-^ \z-Zn\l^- Now, since x > T, if 5 = supje[o,r] 

then S <R and we can find a 5 > (depending only on R and 5) and no eN 

such that 0,2 < 5 and |v„ — v| ^ < 5 for all n > hq, and so 



\un{t)\w < |v„(O-v(OL+0l + l"(OL <2V5 + V5< Vi?-5. 

We can conclude that m„ ^ m in C( [0, T] ; -jV ) and x,j > T for all n > hq. 

For the other values of tto, we proceed similarly, using inequalities (IC.7I) 
and (IC.8I) . If tto = then 0„ = supjQ |A4+'^(z - z„) P and one gets 

^|v„(f) - v(0l5, < C(l + |Ai+%j2^ |Ai+V|')(|v-v„|2^ +0„). 

Finally, if tto G (^,5), then we set 0„ = supjg.r] \A^{zn — z)\^, with = 
0(^ + ^),and we get 

^|v„(0-v(Oli <C(l + |M„|2^|A^M„r;+|M|2^|A^i<r^)(|v-v„|2^+0„), 

Appendix D. Estimates on the non-linearity 

We show two continuity result on the Navier-Stokes non-linearity. The 
first one derives from Lemma 4.1 of Temam flS^. The second is a proof of 
continuity of the bi-linear term in spaces of powers of the Stokes operator. 

Lemma D.l. Let m>2 be an integer and let v G D{A^) and z G D(A?). 
Then 

(D.l) \{A'%,B{v + z,v + z))H\<\\A'^v\l + C,n{l + \v\y + \A^z\hY\ 
where Cm, Pm> are positive constants depending only on m. 



Proof. The result is a variant of Lemma 4.1 of Temam II28II . to whom we 
shall rely heavily. Consider first the term (A'"v,5(w, v))//, with w equal to v 
or z, it is given by terms of the form (integration by parts is used to produce 
the second term) 

^ w,(D,,v,) (d2«v,) dx = l^iD'^Vj) {D''w,D,^Vj) dx, 

where a = (ai , a2, CX3) is a multi-index with ai + a2 + CX3 = m and, as usual, 
= DxlDx2Dxl . By expanding the derivatives of the product, we obtain 
terms of the form 

j^Wi{DxP''vj){D%j)dx and j^{h^Wi){h"'-^+\j){h"'vj)dx, 

where 5^ denotes a generic differential operator of order k and k= 1 , . . . , m. 
The terms on the left are equal to zero, due to the divergence-free constraint, 
while the terms on the right can be estimated as in Lemma 4.1 of Temam 
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||28l (Holder inequality, plus the Sobolev embeddings Lr' C H^- (T) and C 
H^{T), plus interpolation), 



m+l 2m^ 2k+\ 



(5V)(5'""'^+V,)(6'"v,)Jx< |v|{:;|A— vl^" \a—w\h. 

T 

If w = V, interpolation yields the bound |v|J/^"' |At^v|^ and so (ID. II) by 
Young's inequality. If w = z, the estimate above again leads to (ID. II) . since 
< ^, unless k = m. For k = m,v/e use the same estimates as above, in 
a different order. 



X 



K7 /7i 2f}l~\~ 1 



T 



Consider next the terms (A'"v,5(w,z))//, with w equal to v or z. By integra- 
tion by parts, 

{A'^vMw,z))h = -(z,5(w,A'"v)) = -£ / ZjWiD^''D,,Vj 

Jt 

= £ / (5™+iv,)(6V-)(5'"-%-), 

where, as above, the sum is over multi-indexes a with \a\ = m and k = 
0, . . . ,m. In order to estimate the generic integral / (6'"+^v)(6^w)(6™^^z), 
we use Holder inequality with exponents 2, 3 and 6 respectively for k > 
0, and exponents 2, -|-oo and 2 for ^ = 0. In the case ^ = we use the 
embedding D (A) cC(T). 

If w = V, we use interpolation inequalities and Young's inequality, as 
above, to obtain (|D.1I) . while for w = z we only need Young's, but for the 
case k = m, where again we use the embedding D{A) C C(T), 

I (5'"+iv)(5"V)(5^z) < |A^v|^ |Af z|h \Az\h < \a"^v\h \A^z\ji, 
and again Young's inequality. □ 

Lemma D.2. For each a > 0, with cx 7^ ^, the bi-linear operator B maps 

Z)(A^(")) X D(A''(")) continuously to D(A""?), where 0(a) is the function 
defined in (|5.3I) . 

If a= \, B maps £)(A3) x D(A?) continuously to D{A^^^), for every 
£>0. 

Proof. If a < \, the lemma follows by Sobolev embeddings, as in the proof 
of Lemma 2.1 of Temam ll28l Part I]. Assume that a > | and fix w, v G 
D(A^(")). If (Mk)kez3 ^rid (vk)kGz3 ^re the Fourier coefficients of u and v, 
the norm of B{u, v) in D(A'^"4 ) in terms of Fourier coefficients is given by 

\\BM\\l_, = £ |kr-i £ (.,.m)(v„,-^k ' 

^ keZ3 l+m=k 1*^1 
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We split the inner sum in three terms, corresponding to the following three 
subsets, 

£k = {(Lm)GZ3xZ3 :l + in = k, |1|>M, |m|>M} 
Fk = {meZl: |m| < i|k|} 
Gk = {1GZ3 : |l|<i|k|}, 



and we shall estimate the three terms separately. For simplicity, we write 
Ui, = |k|2e(o')|Mk| and Vr = |kp9(«)|v^|, for all k e T? , in such a way that 

Ik|f/kP=ll«ll5(a)- 

We start by the term in Ek. By using Holder's inequality and Cauchy 
Schwartz, 

|m| ■ ■ l^ml < <^«E( i 149-1 + Trir)!^'! ■ l^^l 

^Ca||"||9(ET^|V™|')'+Ca||v||e(ET^|f/lp)^ 

and, since the two terms are similar, we handle just the first one. By sum- 
ming in k, and exchanging the sums, 

'L\^r-' I r^|VmP<Co £ , |se-4a-4 l^n>P<Co||v||9, 

kez3 |^|>W I*"! mez3 l™l 



I- 2 



since there are at most Co|inp points k of such that |k| < 2|in| (where 
Co is a universal constant) and, for any value of a, 80(a) — 4a — 4 > 0. 
Next, we estimate the term in Fk. We have 



4a-l| V 1^1 I,, I I., ||2 _ 

m — 



keZ3 mGFk 



and, by exchanging the sums, 

' V" ii.i4a-l 



mi 

< 









(|mi 




m2 


^29-1 



Mk— mi I ■ l^k- m2l 



E E |i'r-'l"k-™p)i 



meZ3 |k|>2|m 



meZ3 |k|>2|m| 



IvIlS 



2^ |||49 

leZ3 1*1 |l+m|>2|m| 



ll + m 


4a- 1 




m 


49-2 
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It is elementary to see that |jpeL|m|<|l| |m|4e-2 is bounded by a constant 
depending only on a. 

Prior to the estimate of the term in Gk, we notice that for the terms in 
and Fk we only used the fact that a > ^. The term in Gk is the most delicate, 
since it is the only estimate where we need to make special assumptions for 
the case cc = 5. We have 

£ |k|4«-i|£ |k-l|.|vk-,|-|Mi||' 
kez3 leGk 



and, by exchanging the sums, 

= E |wiil-l"i2l E 

li,l2eZ3 |k|>2|li|v|l2| 





k 


4a- 1 


(|k-li 




k-l2|)2e-i 



Ii,i2ez3 



< E l"liH"l2l E II. ,146-2 E 



|k 


4a- 1 


Vk-i, 


2 




k-li 


46-2 



k|>2|li| I" |k|>2|l2| 



|k 


4a- 1 




2 




k-l2 


46-2 



If^ll 





k 


4a- 1 


|k 




1 


46-2 



EttSI E |J'^i|46-2 l^k-l|^)^ 

Vk-l|- 





k 


4a- 1 


|k 




1 


46-2 



1129 

IeZ3 I'l |k|>2|l| 



leZ3 I'l |k|>2|l| 
^ll"lleEj^ E 

leZ3 1*1 |l+m|>2|l| 

by exchanging the sums again and, since the set of all 1 such that |l + ni| > 
2|1| is contained in the set of all 111 such that |1| < |m|, we have 



1 + m 


4a- 1 




m 


49-2 



<Ca||M||e E 







2 


m 


49-4a-l 



meZ3 I I |l|<|m| 



1 

n49' 



It is elementary to verify that Iml^^"^®"^""^) Ei<|i|<|m| l^l^^ is bounded by 
a constant depending only on a if a > ^ and a ^ 5. The same is true in the 
special case a = 5 if we evaluate the norm of B{u,v) in D{A-*~^). □ 
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